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THE OCTOBER MEETING IN NEW YORK 


The three hundred eighth meeting of the American Mathe- 
matical Society was held at Columbia University, on Saturday, 
October 28, 1933, extending through the usual morning and 
afternoon sessions. The attendance included the following one 
hundred thirty members of the Society: 


C. R. Adams, R. B. Adams, R. P. Agnew, A. A. Albert, R. L. Anderson, 
R. C. Archibald, R. G. Archibald, H. E. Arnold, Max Astrachan, N. H. Ball, 
M. F. Becker, P. A. Benitz, A. A. Bennett, G. D. Birhoff, L. M. Blumenthal, 
H. W. Bode, H. F. Bohnenblust, Joseph Bowden, C. B. Boyer, A. D. Bradley, 
H. W. Brinkmann, A. B. Brown, J. H. Bushey, R. H. Cameron, A. D. Camp- 
bell, P. A. Caris, D. J. Colbert, H. R. Cooley, H. B. Curry, F. F. Decker, J. L. 
Doob, Jesse Douglas, J. K. Dyer, J. M. Feld, T. S. Fiske, W. B. Fite, D. A. 
Flanders, M. M. Flood, Tomlinson Fort, E. T. Frankel, Orrin Frink, T. C. 
Fry, C. A. Garabedian, D. C. Gillespie, P. H. Graham, M. C. Graustein, 
W. C. Graustein, C. H. Graves, M. C. Gray, S. L. Greitzer, C. C. Grove, Laura 
Guggenbiih], Alan Hazeltine, G. A. Hedlund, Robert Henderson, E. H. C. 
Hildebrandt, Einar Hille, Lulu Hofmann, G. M. Hopper, Harold Hotelling, 
J. C. Hughes, Ralph Hull, R. L. Jeffery, S. A. Joffe, R. A. Johnson, Edward 
Kasner, L. S. Kennison, J. R. Kline, Mark Kormes, K. W. Lamson, Harry 
Langman, Elihu Lazarus, Solomon Lefschetz, D. H. Lehmer, E. R. Lorch, 
E.O. McCormick, D. L. McDonough, E. J. McShane, L. A. MacColl, Saunders 
MacLane, H. F. MacNeish, M. H. Martin, R. S. Martin, A. E. Meder, F. H. 
Miller, A. K. Mitchell, H. H. Mitchell, E. C. Molina, Morris Monsky, L. T. 
Moore, G. W. Mullins, C. A. Nelson, Oystein Ore, F. W. Owens, T.S. Peterson, 
R. S. Pieters, Walter Prenowitz, J. F. Randolph, H. W. Raudenbush, G. E. 
Raynor, M. S. Rees, R. G. D. Richardson, J. F. Ritt, S. L. Robinson, K. E. 
Rosinger, Barkley Rosser, M. F. Schmeiser, C. E. Seely, L. G. Simons, Abra- 
ham Sinkov, L. L. Smail, W. M. Smith, A. A. Stafford, Otto Szasz, J. D. 
Tamarkin, J. M. Thomas, Arthur Tilley, C. C. Torrance, Annita Tuller, J. L. 
Vanderslice, Oswald Veblen, H. E. Wahlert, R. J. Walker, Louis Weisner, 
M. E. Wells, Norbert Wiener, R. L. Wilder, W. A. Wilson, D. W. Woodard, 
Leo Zippin. 


The Secretary announced the election of the following persons 
to membership in the Society: 


Professor George Bernard Banks, Niagara University; 
Mr. Garrett Birkhoff, Harvard University; 

Professor John David Burk, University of Toronto; 

Sister Leonarda Burke, Regis College; 

Professor Leon Edward Dix, Norwich University; 

Mr. Greenville D. Gore, Central Y. M. C. A. College; 
Professor Leon B. Linford, Utah State Agricultural College; 
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Miss Isabel C. McLaughlin, Hunter College; 

Dr. Robert S. Martin, National Research Fellow, University of Chicago; 
Dr. Deane Montgomery, National Research Fellow, Harvard University; 
Miss Sallie Elizabeth Pence, University of Kentucky; 

Mr. Carl Adams Richmond, Tyngsboro, Mass.; 

Dr. Gilbert de Beauregard Robinson, University of Toronto; 

Miss Julia Simpson, Hunter College; 

Miss Mary Margaret Taylor, Johnstown Junior College; 


As Nominee of the John Hancock Mutual Life Insurance 
Company: 
Mr. A. J. Vatter. 


The Secretary announced that the following person had joined 
the society under the reciprocity agreement with the Deutsche 
Mathematiker-Vereinigung: 


Professor Robert Kénig, University of Jena. 


At the meeting of the Council, held at the Faculty Club of 
Columbia University between the sessions, it was decided to 
omit the February meeting in New York and to hold a two-day 
meeting March 30-31. It was decided to omit the Josiah Willard 
Gibbs lecture in 1933. 

The appointment of a Committee on Financial Policy was 
announced to include the following members: Professors W. C. 
Graustein (chairman), C. R. Adams, H. E. Buchanan, G. C. 
Evans, Dr. T. C. Fry, Professors L. M. Graves, E. R. Hedrick, 
M. H. Ingraham, Dunham Jackson, C. C. MacDuffee, G. W. 
Mullins, F. D. Murnaghan, H. L. Rietz, D. E. Smith, J. M. 
Thomas, Oswald Veblen, and W. L. G. Williams. 

It was announced that a book entitled Algebraic Functions, 
by Professor G. A. Bliss of the University of Chicago, had been 
accepted for the Colloquium Series. 

The name of Professor T. H. Rawles was substituted for that 
of M. H. Stone on the Committee on Arrangements for the Sum- 
mer Meeting of 1934 in New Haven. 

The invitation of the University of Michigan for the Summer 
Meeting of 1935 was accepted with thanks. 

The decision to print the four major addresses at the meeting 
in Chicago in connection with the Century of Progress Exposi- 
tion in the Bulletin rather than as a separate volume of the 
Colloquium Series was announced. 

The Board of Trustees met at 5 P.M. in the Faculty Club of 
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Columbia University. The treasurer reported on the condition 
of the securities and asked for advice in regard to various finan- 
cial matters. The budget for 1933 was revised to care for new 
items which had arisen. Professor H. W. Reddick and Mr. J. J. 
Tanzola were appointed auditors of the accounts for the year 
1933. 

At the request of the Program Committee, Professor R. L. 
Jeffery, of Acadia University, delivered at the beginning of the 
afternoon session an address entitled Theories of integration. 

Titles and cross-references to the abstracts of the papers read 
at the regular sessions follow below. Papers whose abstract 
numbers are followed by the letter ¢ were read by title. Pro- 
fessor A. A. Bennett presided at the morning session and 
Professor H. H. Mitchell in the afternoon. Mr. Ghent was in- 
troduced by Professor Albert. 


1. Normal division algebras over algebraic number fields not of 
finite degree, by Professor A. A. Albert. (Abstract No. 39-9-239.) 

2. The web of algebraic surfaces with basis points, by Professor 
T. R. Hollcroft. (Abstract No. 39-11—266-t.) 

3. Note to Kasner’s paper on the solar gravitational field, by 
Mr. Elihu Lazarus. (Abstract No. 39-11-267.) 

4. A property of cyclic substitutions of even degree, by Dr. 
Abrahim Sinkov. (Abstract No. 39-11-268.) 

5. A mathematical logic without variables, by Mr. Barkley 
Rosser. (Abstract No. 39-11-269.) 

6. Integral solutions of (u*—v*)(x*—-y*) =zt—#, by Professor 
P. A. Caris. (Abstract No. 39-9-249.) 

7. Algebraic functions of uniformly almost periodic functions 
(preliminary report), by Dr. R. H. Cameron (National Research 
Fellow). (Abstract No. 39-11-270.) 

8. Certain differential ideals having finite basis sets in a new 
sense, by Dr. H. W. Raudenbush. (Abstract No. 39-11-271.) 

9. Simply connected sets, by Dr. R. E. Basye. (Abstract No. 
39-11-272-t.) 

10. Structure of the Riemann multiple-space for algebroid func- 
tions, by Dr. A. B. Brown and Professor B. O. Koopman. 
(Abstract No. 39-11-273-2.) 

11. An involutorial line transformation, by Dr. J. M. Clark- 
son. (Abstract No. 39-9-251-t.) 
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12. Concerning R. L. Moore’s axiom 5, (preliminary report), 
by Mr. F. B. Jones. (Abstract No. 39-9-254-t.) 

13. Concerning normal and completely normal spaces, by Mr. 
F. B. Jones. (Abstract No. 39-9-253-t.) 

14. Two-dimensional spaces in which there exist contiguous 
points, by Dr. E. C. Klipple. (Abstract No. 39-11-274-t.) 

15. Concerning compact continua which contain no continuum 
that separates the plane, by Professor R. L. Moore. (Abstract 
No. 39-9-255-t.) 

16. Three theorems on frontiers, by Dr. N. E. Rutt. (Abstract 
No. 39-11-275-t.) 

17. Note on a problem of Fréchet, by Dr. Rothwell Stephens. 
(Abstract No. 39-9-245-t.) 

18. Spaces in which there exist uncountable convergent sequences 
of points, by Dr. C. W. Vickery. (Abstract No. 39-11-276-t.) 

19. Concerning maximal sets, by Dr. G. T. Whyburn. (Ab- 
stract No. 39-9-265-t.) 

20. Concerning separating points, by Dr. G. T. Whyburn. 
(Abstract No. 39-9-264-t.) 

21. Exponential numbers, by Professor E. T. Bell. (Abstract 
No. 39-9-240-t.) 

22. Polynomial diophantine systems, by Professor E. T. Bell. 
(Abstract No. 39-9-241-t.) 

23. On cubic congruences, by Professor H. R. Brahana. (Ab- 
stract No. 39-9-242-t.) 

24. On the isomorphisms of an abelian group of type 1, 1, by 
Professor H. R. Brahana. (Abstract No. 39-9-243-t.) 

25. On the metabelian groups which contain a given group as a 
maximal invariant abelian subgroup, by Professor H. R. Bra- 
hana. (Abstract No. 39-9-244-t.) 

26. Tables of irreducible polynomials for the first four prime 
moduli, by Mr. W. R. Church. (Abstract No. 39-9-250-2.) 

27. Existence theorems for relative cyclic fields, by Professor 
H. T. Engstrom. (Abstract No. 39-11-277-1.) 

28. A note on nilpotent algebras in four units, by Mr. K. 
S. Ghent. (Abstract No. 39-11-278-t.) 

29. Contributions to the theory of higher congruences, by Pro- 
fessor Oystein Ore. (Abstract No. 39-11-279-t.) 

30. On symmetric determinants, by Professor W. V. Parker. 
(Abstract No. 39-11-280-2.) 
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31. A property of self-adjoint elliptic partial differential equa- 
tions, by Dr. Max Coral. (Abstract No. 39-11-281-t.) 

32. Means and the complete independence of certain of their 
properties, by Professor E. L. Dodd. (Abstract No. 39-11-282-t.) 

33. The Dirichlet integral and the sweeping-out process (pre- 
liminary report), by Professor G.C. Evans. (Abstract No. 39-11- 
283-t.) 

34. Inferior limit of Newtonian potential at points of mass from 
points of empty space, by Professor G. C. Evans. (Abstract No. 
39-9-252-t.) 

35. On summation of derived series of the conjugate Fourier 
series, by Dr. A. F. Moursund. (Abstract No. 39-9-256-t.) 

36. Notes on the theory and application of Fourier transforms. 
V: On entire functions, by Dr. R. E. A. C. Paley and Professor 
Norbert Wiener. (Abstract No. 39-9-257-t.) 

37. Notes on the theory and application of Fourier transforms. 
VI: On two problems of Pélya, by Dr. R. E. A. C. Paley and 
Professor Norbert Wiener. (Abstract No. 39-9-258-t.) 

38. Notes on the theory and application of Fourier transforms. 
VII: On the Volterra equation, by Dr. R. E. A. C. Paley and 
Professor Norbert Wiener. (Abstract No. 39-9-259-t.) 

39. Notes on the theory and application of Fourier transforms. 
VIII: On the closure of sets of complex exponential polynomials, 
by Dr. R. E. A. C. Paley and Professor Norbert Wiener. (Ab- 
stract No. 39-9-260-t.) 

40. On the summability of derived conjugate series of the Fourier- 
Lebesgue type, by Dr. A. H. Smith. (Abstract No. 39-9-262-1.) 

41. A lower limit for the species of a Pfaffian system, by Pro- 
fessor J. M. Thomas. (Abstract No. 39-11-284-t.) 

42. Note on the orthogonality of Tchebycheff polynomials on 
confocal ellipses, by Professor J. L. Walsh. (Abstract No, 39-11- 
285-t.) 

43. Differentiable functions defined in closed sets. 1, by Dr. 
Hassler Whitney (National Research Fellow). (Abstract No. 
39-9-263-t.) 

44. On the zeros of Hermite and Laguerre polynomials, by 
Dr. Clement Winston. (Abstract No. 39-11-286-t.) 

45. The analytic nature of surfaces of least area, by Dr. E. J. 
McShane. (Abstract No. 39-11-288.) 
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46. Non-holonomic geometries, by Mr. J. L. Vanderslice. 
(Abstract No. 39-11-289.) 

47. The elements of the group, I, of isomorphisms of the prime 
power abelian group, g=(P:1, P2,---), of type (1, 1,---), 
whose periods are powers of the prime, by Professor F. F. Decker. 
(Abstract No. 39-11-287.) 

48. The completely symmetric rational self-dual curve of order 
nine, by Dr. D. C. Duncan. (Abstract No. 39-11-290-t.) 

49. An existence theorem for double integral problems of the cal- 
culus of variations, by Dr. E. J. McShane. (Abstract No. 39-11- 
291-2.) 

50. Existence theorems for ordinary problems of the calculus of 
variations, by Dr. E. J. McShane. (Abstract No. 39-11-292-1.) 

51. The DuBois-Reymond relation in the calculus of variations, 
by Dr. E. J. McShane. (Abstract No. 39-11-293-i.) 

52. A classification of systems of linear differential equations 
of the first order with constant coefficients in two variables, by 
Dr. G. B. Price. (Abstract No. 39-11-294-2.) 

53. On equations in mixed differences. Part V, by Mr. L. B. 
Robinson. (Abstract No. 39-11-304-t.) 

54. Notes on the theory and application of Fourier transforms. 
IX: On non-harmonic Fourier series, by Dr. R. E. A. C. Paley 
and Professor Norbert Wiener. (Abstract No. 39-9-261.) 

55. On summability of multiple sequences, by Professor R. P. 
Agnew. (Abstract No. 39-9-248.) 

56. Seven postulates for euclidean geometry, by Professor A. A- 
Bennett. (Abstract No. 39-11-295.) 


57. Concerning a problem of K. Borsuk, by Professor R. L. 
Wilder. (Abstract No. 39-9-246.) 


J. 
Associate Secretary 
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ELIAKIM HASTINGS MOORE* 


The great development which has taken place in our American mathe- 
matical school during and since the last decade of the last century has been in 
large part due to the activities of a relatively small group of men whose names 
and devoted interest are well known to all of us. In our memories and our 
histories their achievements will be indelibly recorded with grateful apprecia- 
tion and esteem. One of the leaders among these men, in enthusiasm and 
scholarship and clearness of vision for the future, was Eliakim Hastings Moore. 

He was born in Marietta, Ohio, on January 26, 1862, and died on December 
30, 1932, in Chicago, where he was professor and head of the department of 
mathematics at the University of Chicago. It is interesting to note that the 
environment in which Moore grew to manhood was a most suitable nursery 
for the distinction which he afterward attained in so great a measure. His 
grandfather was an earlier Eliakim Hastings Moore, a banker and treasurer of 
Ohio University at Athens, Ohio, a county officer and collector of internal 
revenue, and a congressman. Eliakim Hastings the younger served as messen- 
ger in Congress during one summer vacation while his grandfather was there. 
His father was a Methodist minister, David Hastings Moore, and his mother 
was Julia Carpenter Moore of Athens. The family moved from place to place 
while E. H. Moore was young, as necessitated by the profession of his father, 
but a considerable part of his childhood was spent in Athens, where one of his 
playmates was Martha Morris Young, who was afterward to become his wife. 
His father, D. H. Moore, besides being a preacher, was successively a captain, 
major, and lieutenant colonel in the civil war; president of Cincinnati Wes- 
leyan College; an organizer and first chancellor of the University of Denver; 
editor of the Western Christian Advocate; and Bishop of the Methodist Episcopal 
Church in Shanghai with jurisdiction in China, Japan, and Korea. His was the 
distinguished career of a man much beloved. Our E. H. Moore, the son of D. H. 
Moore, was married in Columbus, Ohio, on June 21, 1892, to Martha Morris 
Young, who survives him. She is a sister of John Wesley Young, late professor 
of mathematics at Dartmouth College, the memories of whose friendship and 
achievements are cherished possessions of mathematicians in this country. 
Her father, William Henry Young of Athens, was a professor at Ohio Univer- 
sity, a colonel in the Civil War, and the son of a congressman. Mrs. Moore 
herself was before her marriage an instructor of Romance languages at the 
University of Ohio, and also at the University of Denver during the chancellor- 
ship of D. H. Moore. Shortly after their marriage the young couple went to 
live in Chicago where Mr. Moore had just been appointed professor and acting 
head of the department of mathematics in the new University of Chicago which 
opened its doors in the autumn of 1892. Professor and Mrs. Moore have one 
son, also named Eliakim Hastings Moore, who was graduated from the Uni- 
versity of Chicago and who now lives in Texas. 


* This note is biographical in character. A bibliography and analysis of 
Moore’s scientific work will appear in a later number of the BULLETIN, 
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While E. H. Moore was still in high school, Ormond Stone, director of the 
Cincinnati Observatory, secured him one summer inan emergency as an assist- 
ant. Professor Stone was afterward director of the Leander McCormick Ob- 
servatory of the University of Virginia, and a founder of the Annals of Mathe- 
matics which began its career at Virginia, and was later moved to Harvard, 
and finally to Princeton. Though primarily an astronomer, Professor Stone had 
a high appreciation for mathematics, and he inspired his young assistant with 
a first interest in that science. This interest was later confirmed at Yale Uni- 
versity which the student, Moore, had been persuaded to enter by two of his 
friends, Horace Taft and Sherman Thatcher. The former is the brother of Presi- 
dent William Howard Taft, and the latter is a son of a professor at Yale. 
These two men were Moore’s best friends in college, and life long friends 
thereafter. Curiously enough both of them founded famous schools for boys, 
one in Watertown, Connecticut, and the other in California. But the man at 
Yale who had the most profound influence upon E. H. Moore, and who first 
inspired in him the spirit of research, was Herbert Anson Newton, professor of 
mathematics and also a distinguished meteorologist. That Moore responded 
ably to the personal encouragement of Newton, as well as that of Stone, is 
indicated by his career as an undergraduate. During his college course he took 
three prizes in mathematics and one each in Latin, English, and astronomy. 
In his junior year he won the “philosophical oration appointment” and second 
prize at “junior exhibition,” and in his senior year he held the Foote Scholar- 
ship and was valedictorian of his class. His nickname was “Plus” Moore. He 
took his A.B. at Yale in 1883 and his Ph.D. in 1885. Professor Newton, deeply 
impressed with the ability of the young mathematician, financed for him a year 
of study at Géttingen and Berlin in return for a promise to pay at some future 
time. 

I have been able to find only meager information concerning the year which 
Professor Moore spent in Germany. He went first to Géttingen, in the summer 
of 1885, where he studied the German language and prepared himself for the 
winter of 1885-6 in Berlin. The professors of mathematics most prominent in 
Géttingen at that time were Weber, Schwarz, and Klein. At Berlin Weierstrass 
and Kronecker were lecturing. We know that Moore was received in friendly 
fashion and greatly influenced by these distinguished men. I believe that the 
workof Kronecker made the most lasting impression upon him, but in his habits 
of mathematical thought and in his later work there are many indications of 
influences which might be traced to Weierstrass and Klein. There is no doubt 
that the year abroad affected greatly Professor Moore’s career as a scholar. 
It established his confidence in his ability to take an honorable place in the 
international as well as our national circle of mathematicians, acquainted him 
at first hand with the activities of European scientists, and established in him 
a respect and friendly interest for German scholarship which lasted throughout 
his life. 

When Moore returned to the United States from his sojourn in Europe he 
entered at once upon his career as teacher, scholar, and independent investiga- 
tor. His first position was an instructorship in the Academy at Northwestern 
University in 1886~7. For the next two years he wasa tutor at Yale University. 
In 1889 he returned to Northwestern as assistant professor, and in 1891 he 
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was advanced to an associate professorship. Meanwhile he had published four 
papers in the field of geometry, and one concerning elliptic functions, and his 
aggressive genius as a rising young scholar was recognized by President William 
R. Harper of the newly founded University of Chicago. When the University 
first opened in the autumn of 1892 Moore was appointed professor and acting 
head of the department of mathematics. In 1896, after four years of unusual 
success in organizing the new department, he was made its permanent head, 
and he held this position until his partial retirement from active service in 1931. 

As a leader in his Department Professor Moore was devotedly unsparing 
of his own energies and remarkably successful. He persuaded President Harper 
to associate with him two unusually fine scholars, Oskar Bolza and Heinrich 
Maschke, both former students at Berlin and Ph.D.’s of the University of 
Géttingen. The three of them supplemented each other perfectly. Moore was 
brilliant and aggressive in his scholarship, Bolza rapid and thorough, and 
Maschke more deliberate but sagacious and one of the most delightful lecturers 
on geometry of all time. They early organized the Mathematical Club of the 
University of Chicago whose meetings are devoted to research papers, and 
which continues to meet bi-weekly to the present day. Those of us who were 
students in those early years remember well the tensely alert interest of these 
three men in the papers which they themselves and others read before the 
Club. They were enthusiasts devoted to the study of mathematics, and ag- 
gressively acquainted with the activities of mathematicians in a wide variety 
of domains. The speaker before the Club knew well that the excellencies of his 
paper would be fully appreciated, but also that its weaknesses would be 
discovered and thoroughly discussed. Mathematics, as accurate as our powers 
of logic permit us to make it, came first in the minds of these leaders in the 
youthful department at Chicago, but it was accompanied by a friendship for 
others having serious mathematical interests which many who experienced 
their encouragement will never forget. With no local precedent or history 
of any sort to guide them, Moore and Bolza and Maschke, with Moore as the 
guiding spirit, created a mathematical department which promptly took its 
place among the group of active centers from which have flowed the influences 
creative of our present American mathematical school. Their success is re- 
corded not only in published papers, but also in the activities of their students, 
who are distributed widely in the colleges and universities of this country. 

In the lecture room Professor Moore’s methods defied most established 
rules of pedagogy. Such rules, indeed, meant nothing to him in the conduct of 
his advanced courses. He was absorbed in the mathematics under discussion to 
the exclusion of everything else, and neither clock times nor meal times brought 
the discussion to a close. His discourse ended when some instinct told him that 
his topic for the day was exhausted. Frequently he came to his class with ideas 
imperfectly developed, and heand his students studied through successfully or 
failed together in the study of some question in which he was at the moment 
interested. He was appreciative of rapid understanding, and sometimes im- 
patient when comprehension came more slowly. No one could have been more 
surprised than he, or more gentle in his expressions of regret, when someone 
called to his attention the fact that feelings had been hurt by such impatience. 
It is easy to understand under these circumstances, however, that poor stu- 
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dents often shunned his courses, and that good students whose principal inter- 
ests where in other fields sometimes could not afford the time to take them. 
But it was a proud moment when one who was ambitious and interested found 
himself in the relatively small group of those who could stand the pace. It is no 
wonder that among the ablest mathematicians of our country at the present 
time those who drew their chief inspiration from Professor Moore are numer- 
ous. He was essentially a teacher of those who teach teachers. Unless we pause 
to make a computation we often fail to comprehend the rapidity of spread 
and the magnitude of the influence of such a man. 

There is not space here to trace the achievements of the men who were 
influenced primarily during their student years by Professor Moore. The list 
of those whose thesis work for the doctor’s degree was done under his super- 
vision is, however, a distinguished one. I give it here in the order in which the 
degrees were taken: L. E. Dickson, H. E. Slaught, D. N. Lehmer, W. Findlay, 
O. Veblen, T. E. McKinney, R. L. Moore, G. D. Birkhoff, N. J. Lennes, 
F. W. Owens, H. F. MacNeish, R. P. Baker, T. H. Hildebrandt, Anna J. Pell 
(Mrs. A. L. Wheeler), A. D. Pitcher, R. E. Root, E. W. Chittenden, M. G. 
Gaba, C. R. Dines, Mary E. Wells, A. R. Schweitzer, V. D. Gokhale, E. B. 
Zeisler, J. P. Ballantine, C. E. Van Horn, R. E. Wilson, M. H. Ingraham, 
R. W. Barnard, H. L. Smith, F. D. Perez. 

Professor Moore’s success as an educator was due to his profound interest 
in mathematics and his faculty for inspiring his colleagues, and especially the 
strongest graduate students, with some of his own enthusiasm. With students 
not so far advanced he was less successful. His own comprehension was so 
rapid, and his concentration on the mathematics at hand was so absorbing to 
him, that he found it hard to comprehend or await the slower development of 
understanding in the less experienced. But he appreciated the importance of the 
problems of elementary instruction and at times participated actively in their 
solution. Not many people remember that in 1897 he edited an arithmetic for 
use in elementary schools. In 1903-4 and following years he modified radically 
the methods of undergraduate instruction in mathematics at the University 
of Chicago, and he himself gave courses in beginning calculus. With charac- 
teristic independence he cast aside the text books and concentrated on funda- 
mentals and their graphical interpretations. The courses were so-called labora- 
tory courses, meeting two hours each day, and requiring no outside work from 
the students. It might be added parenthetically that, as with many such new 
plans, the amount of work required of the instructor was exceedingly great. 
The two hour period was the feature which later caused the abandonment of 
the plan because of the very practical difficulty in finding hours on schedules 
which would not interfere with the offerings of other departments. At the 
present time we are facing serious criticisms of the teaching of mathematics 
in colleges and high schools. If we are to find a satisfactory answer we must 
perhaps consider again the deletion of the irrelevant and concentration on 
fundamentals. The laboratory method too has distinct advantages. It has ap- 
pealed to many, and has in one form or another been made a part of numerous 
new plans for the teaching of mathematics. In these educational experiments 
which Professor Moore undertook, as at every other stage of his leadership in 
his department, he had one permanent characteristic. He believed in the 
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exercise of individuality in class room instruction, and he gave his colleagues 
unlimited freedom in the development of their class room methods. He ex- 
pected and insisted on success, and he was always sympathetically interested in 
a new proposal or procedure, but so far as I know he never prescribed a textbook. 

The foundations of Professor Moore’s leadership lay undoubtedly in his 
scholarship. In this present paper no adequate description of his investigations 
can be given, but in a later paper in this BULLETIN his bibliography will be 
published and an analysis of his more important research activities will be 
undertaken. In his earlier years he was a prolific writer, and his published 
papers promptly established him as a mathematician of resourcefulness and 
power. Two of the characteristic qualities of his research were accuracy and 
generality. He was a master of mathematical logic, and his originality in mak- 
ing one or more theories appear as special instances of a new and more general 
one was remarkable. I remember a number of meetings of the Mathematical 
Club at which this interest in generalization was characteristically exhibited. 
At one of them an economist was struggling with the old problem of the selec- 
tion of a mean for the proper interpretation of certain statistical data. At the 
next meeting Professor Moore summarized the postulates implied in the 
paper of the economist, and exhibited the infinite totality of generalized means 
which they characterized. At another meeting Professor Bolza described some 
of the properties of a family of cycloid arches which are important for the 
brachistochrone problem of the calculus of variations. At the following meet- 
ing Professor Moore showed that the class of families of arches with the same 
properties is indeed a much more general one, as is now well recognized. His 
success in these and much more important generalizations, especially in the 
domain of integral equations, culminated in a theory which he called General 
Analysis and which became his principal interest. In 1906 when he lectured on 
this theory at the New Haven Colloquium of the American Mathematical 
Society, he was ahead of the times. In recent years, however, many mathema- 
ticians have continued his ideas or have encountered them in independent ap- 
proaches from other standpoints. Professor Moore’s enthusiasm for mathema- 
tical research never waned, but in his later years his interest in formal writing 
declined. This was due primarily, I think, to two reasons. In 1899 he became 
one of the chief editors of the Transactions of the American Mathematical 
Society and for eight years thereafter he devoted himself unstintingly to the 
affairs of the journal and of the Society. The value of this work to our mathe- 
matical community, then still in its youthful and formative stage, cannot be 
overestimated. But for Professor Moore himself it had the effect of decreasing 
markedly the number of his published papers. Later, after others had assumed 
the responsibilities which he had so long courageously shouldered, he adopted 
a logical symbolism, largely of his own creation, for the expression of his 
mathematical ideas to himself and his students. It was not well understood by 
mathematicians in general, and not well suited for publication in journals. In 
those days when research assistants for mathematicians were almost unknown, 
the translation of his writings from his convenient symbolisms to conventional 
mathematical language was far less interesting to him than the continuation 
of his own investigations. The result has been that he has left in symbolic form 
a great legacy of unpublished research material concerning General Analysis. 
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It is too early to attempt a judgment of the significance for mathematicians 
in general of Professor Moore’s notations. He was a specialist in symbolisms, 
every detail of which meant something to him. In thinking or lecturing about 
mathematics others as well as himself have found his notations not only con- 
venient but also a potent aid in the formulation and testing of sequences of 
logical steps. They are especially effective in the development of theories in- 
volving limiting processes. It is true that the important things in mathematics 
are ideas rather than the symbols by means of which we represent them, but 
it is evident also that the structure of our science as we know it today would 
be impossible without the increasingly convenient notations which mathema- 
ticians through the ages have successively developed. That Professor Moore 
was fully conscious of this, and that he regarded notational problems as among 
the most important and difficult ones which mathematicians have to face, is 
clearly indicated by his correspondence with the late Professor Florian Cajori 
in 1919. It was their exchange of letters at that time which led to the prepara- 
tion and publication in 1928 and 1929 of Cajori’s two volumes on The History 
of Mathematical Notations. 

It was to be expected that a man so highly regarded as a scientist should be- 
come a leader in his university and in the associations of workers in his field. 
Professor Moore was one of the youngest, but also one of the most spirited, of 
the notable group of scholars who in the nineties of the last century first 
shaped the character of the new University of Chicago and gave it great dis- 
tinction. From the opening day of the University he devoted himself unself- 
ishly to its interests, and his counsel through the years had great influence. 
At all times he stood unequivocally for the highest ideals of scholarship. His 
services to the University were signalized in 1929 by the establishment of the 
Eliakim Hastings Moore Distinguished Service Professorship, one among the 
few of these professorships which have been named in honor of members of 
the faculty of the University. The first and present incumbent is Professor 
Leonard Eugene Dickson. Professor Moore was a moving spirit in the 
organization of the scientific congress at the World’s Columbian Exposition 
of 1893, and in the first colloquium of American mathematicians held shortly 
thereafter in Evanston with Klein as the principal speaker. He was in- 
fluential in the transformation of the local New York Mathematical Society 
into the American Mathematical Society in 1894, and in the foundation 
of the first so-called section of the Society whose meetings were held in 
or near Chicago and of which he was the first presiding officer in 1897. The 
formation of the Chicago Section was an outgrowth of the Evanston collo- 
quium. After that meeting a number of mathematicians from universities in 
and near Chicago occasionally met informally for the exchange of mathe- 
matical ideas. After the organization of the American Mathematical Society 
they applied for and were granted recognition as a section of the Society. It 
was the success of this first section which led to the establishment, in various 
parts of the country, of other similar meeting places which have added greatly 
to the influence and value of the Society. Professor Moore was vice-president 
of the Society from 1898 to 1900, and president from 1900 to 1902. In 1921 he 
was president of the American Association for the Advancement of Science. 
In 1899 he and other aggressive members induced the Society to found the 
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Transactions of the American Mathematical Society, now our leading mathe- 
matical journal. The first editors were E. H. Moore, E. W. Brown of Yale, 
and T. S. Fiske of Columbia. These men set standards of editorial supervision 
which have endured to this day. Professor Moore retired from his editorship 
in 1907. From 1908 to 1932 he was a non-resident member of the council of the 
Circolo Matematico di Palermo and of the editorial board of its Rendiconti. 
From 1914 to 1929 he was the chairman of the editorial board of the University 
of Chicago Science Series. Nineteen volumes were published in the Series during 
that period, two of them, by H. F. Blichfeldt and L. E. Dickson, in the domain 
of mathematics. From 1915 to 1920 Professor Moore was a member of the 
editorial board of the Proceedings of the National Academy of Sciences. In 
1916, by his advice and encouragement, he gave great assistance to Professor 
H. E. Slaught, who was a moving spirit in the formation of the Mathematical 
Association of America. In the decades preceding 1890 research scholars in 
mathematics in America were few and scattered, with limited opportunities for 
scientific intercourse. At the present time we have a well-populated and ag- 
gressive American mathematical school, with frequent opportunities for meet- 
ings, one of the world’s great centers for the encouragement of scientific 
genius. From the record of Professor Moore’s activities described above, it is 
clear that at every important stage in the development of this school he was 
one of the progressive and influential leaders. 

That the distinction of Professor Moore’s services to science and education 
was recognized in other universities as well as his own is indicated by the 
honors conferred upon him. He received an honorary Ph.D. from the Univer- 
sity of Géttingen in 1899, and an LL.D. from Wisconsin in 1904. Since that 
time he has been awarded honorary doctorates of science or mathematics by 
Yale, Clark, Toronto, Kansas, and Northwestern. Besides his memberships in 
American, English, German, and Italian mathematical societies he was a 
member of the American Academy of Arts and Sciences, the American Philo- 
sophical Society, and ihe National Academy of Sciences. Two funds have been 
established in his honor. The first is held by the American Mathematical 
Society for the purpose of assisting in the publication of his research and for 
the establishment of a permanent memorial to him in the activities of the 
Society. The second has been expended for a portrait of him which hangs in 
Bernard Albert Eckhart Hall for the mathematical sciences at the University 
of Chicago. The interest in these funds among the friends and admirers of 
Professor Moore was a remarkable tribute to him scientifically and personally. 

The activities too concisely enumerated in the preceding paragraphs were 
the external evidenoes of a remarkable personality, a personality beyond the 
power of the writer of these pages adequately to describe. Professor Moore be- 
lieved in mathematics, and his life was an unselfish and vigorous expression of 
his confidence in the importance of the opportunity of studying and teaching 
his chosen science, not only for himself but also for others who might have the 
interest and ability. He was sometimes misunderstood when he was impetuous 
or impatient, but his impatience was rarely personal. It was due almost always 
to the fact that someone was not understanding mathematics, and that some- 
one might be either another person or himself. In the latter case he was likely 
to be for the moment unusually restless and irritable. In all of his activities he 
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sought unceasingly for the truth, and for the words or symbols which might 
express truth accurately. He had at times a curious hesitation in his speech, 
characteristic of him, but unaccountable to those who recognized the unusual 
agility of his mind but who did not know him well. He would hesitate or stop 
completely in the midst of a sentence, searching among the wealth of words 
which presented themselves that particular one which would precisely express 
his meaning, just as in his mathematics he sought always the precisely sug- 
gestive symbol. In times of stress his patience with his colleagues was remark- 
able, and his friendship for them at all times was immovable. He believed in 
individuality and encouraged independence in their teaching, and he pro- 
tected them in their research, often at great cost to himself. Outside, as well 
as in his own department, his enthusiasm, his scientific integrity, and his deep 
insight established an influence which will extend wherever mathematics is 
studied and truth is honored, beyond the confines of his country or his day. 


G. A. Buiss 
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Modular Invariants. By D. E. Rutherford. Cambridge Mathematical Tracts, 
Number 27. Cambridge, University Press, and New York, Macmillan, 
1932. viii+84 pp. 

This little tract brings together into small compass the principal results in 
the theory of modular invariants (both formal and otherwise) up to 1930, thus 
assembling under one cover both the results of what might be called the Ameri- 
can school—Dickson, Glenn, Sanderson, Hazlett, and others—and also the 
work of E. Noether based on the abstract theory of ideals, as it appears in 
the research of Steinitz, Artin, and van der Waerden. 

The subject had its rise in 1903 in a paper by Hurwitz on the solution of 
higher congruences, but lay dormant until rediscovered, in another connec- 
tion, by Dickson in 1907. During the next seven years, the latter developed 
and finished the theory of modular invariants (here called residual covariants), 
based on the theory of classes, developed a theory of invariants of the general 
linear group defined over the Galois field, GF[p"], proved the finiteness theo- 
rem for modular covariants, and made the beginnings of a theory of formal 
modular covariants (here called formal covariants). In 1913 appeared that 
short but stimulating and suggestive paper by Miss Sanderson, giving her 
theorem that given a formal modular invariant, 7, of a system of forms under 
a modular group, G, defined over GF[p"], we can construct a formal modular 
invariant, J, such that I x is congruent to 7 in the field for all sets of values of 
coefficients in the field. In the Madison Colloquium Lectures (1914), Dickson 
gave a series of lectures on the theory to date. During the next eight years 
appeared many papers by American writers on the subject, giving treatments 
of special cases and proving various theorems that are more or less analogous 
to theorems in the classic theory of algebraic invariants. At the end of Miss 
Sanderson's paper, she expressed some of the formal invariants and covariants of 
the binary quadratic for GF[p" =3] in a symbolic form, and this small but sug- 
gestive beginning was now the source of inspiration of Miss Hazlett’s paper 
(1921-22) on the symbolic theory of formal modular covariants of a binary 
form. This proved that a suitable positive, integral power of every formal mod- 
ular invariant is congruent in the field to an algebraic invariant of f(a; x) and 
certain related forms, f(a?"; x), f(a”"; x),---, f(a; x®"),---. The same 
paper also proved the finiteness theorem for formal modular covariants of a 
system of binary forms. Then, in 1926, appeared a brief but important paper 
by E. Noether in which she proved the finiteness theorem for a system of n-ary 
forms, by using the theory of a ring of polynomials in any number of variables. 

Rutherford takes all this theory—at least, all of any importance—and 
welds the various results and processes into a whole, putting the work of the 
American school into Part I (51 pages) and following this, in Part II (31 pages) 
by E. Noether’s theorem together with as much of the theory of fields, both 
algebraic and transcendental, as is necessary for her proof. 

Throughout the whole tract, Rutherford is very clear-cut in precisely those 
places where it is necessary. At the very beginning (§1), he introduces two 
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new notations, || and |||, to denote respectively “is congruent to” and “is 
identically congruent to.” After a couple of sections in which he defines a 
Galois field, GF[p*], of order p”, he states Fermat’s theorem for this field and 
summarizes the essentials of the theory of linear groups in this field. He de- 
votes the fourth section to a clear-cut classification of concomitants of a sys- 
tem of n-ary forms into five essentially different types. 

As this is the first time that such a classification has been made and as he 
changes the name for one type, it will, perhaps, be just as well to reproduce his 
classification. If the coefficients of the forms are denoted by a’s and the coeffi- 
cients of the linear transformation by a’s, the concomitants have to be studied 
by essentially different methods according as both the a’s and the a’s are inde- 
terminates in the field, CF, of complex numbers, or in the Galois field, GF[p*], 
or one in one field and the other in the other field. Type I: If both the a’s 
and a’s are in CF and reductions of the form p|||0 are allowed, the con- 
comitants are algebraic, which is the classic type and thus not treated here. 
Type II: If both a’s and a’s belong to CF but reductions p | | |o are allowed in 
the numerical coefficients that arise as a result of multiplication and addition, 
the concomitants are called congruent concomitants by the author. Type III: 
If the a’s belong to CFand the a’s toGF[p*], so that the reductions p | | |0 in 
the numerical coefficients and a»”| |a are permitted, then the concomitant is 
called formal. (It used to be called a formal modular concomitant.) Type IV: 
If the a’s belong to GF[p"] and the a’s to CF, so that reductions p| | |0 and 
a”” | |a are allowed, then the concomitant is called a non-formal concomitant. 
(To date, these have not been studied.) Type V: If both the a’s and the a’s 
are in GF[p*], so that reductions p| | |0, a” | |a, and a” | |a are permitted, then 
the concomitant is called a residual concomitant although formerly called a 
modular concomitant. Types II to V are grouped together and called modular 
by Rutherford to distinguish them from Type I, the non-modular or algebraic 
case. Throughout the rest of this review, we shall use Rutherford’s termi- 
nology. 

After a few other sections devoted to further preliminary notions, he first 
considers congruent concomitants, proving that a congruent concomitant is 
completely isobaric and that, if a formal concomitant is isobaric, it is a con- 
gruent concomitant. Then he proves that, in the binary case, every congruent 
concomitant is congruent to an algebraic concomitant of the same system of 
forms. To date, however, no one has proved in the general nm-ary case that 
every congruent concomitant is congruent to an algebraic concomitant. This 
is both unfortunate and tantalizing, for the question as to whether a congruent 
concomitant is congruent to an algebraic concomitant is equivalent to the 
question as to whether a congruent concomitant is representable symbolically, 
so that the existence of congruent concomitants not congruent to algebraic 
concomitants would mean that the symbolical theory of formal modular con- 
comitants developed about 1921 would not be of much use. So, until some one 
has proved that there exists no congruent concomitant that is not representable 
symbolically, it is necessary to divide all congruent concomitants into two 
classes: symbolic and non-symbolic. This phraseology, “until some one has 
proved that there exists no congruent concomitant” may seem to beg the ques- 
tion, but both the author and reviewer have the feeling that every congruent 
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concomitant is congruent to an algebraic one. If there exist any that is not alge- 
graic, then such must be very different from those that are algebraic, and even 
peculiar. 

Now follow a couple of sections on universal invariants (=invariants of the 
group), including Dickson’s neat proof that a full system of universal in- 
variants consists of the determinant, L, and various quotients of determinants, 
the Q’s. This is followed by several sections on methods of forming a large 
number of invariants by using the results on universal invariants and various 
modular operators, due to Glenn. In his final section on this part of the theory, 
he proves Hazlett’s theorem already quoted. 

Next, he turns his attention to residual invariants (called by Dickson and 
others modular invariants) and he gives Dickson’s very beautiful and alto- 
gether satisfying theory of classes and characteristic invariants and a new 
theory of syzygies of residual invariants due to Weitzenbéck. In view of 
Sanderson’s theorem, it is easily possible to obtain a full system of residual 
invariants from a full system of formal invariants by replacing each variable, a;, 
by a general number of the field and reducing with respect to the moduli that 
determine the field. As her theorem has not yet been extended to covariants, 
there is at present no definitive method of deciding whether a given set of 
residual covariants form a full set. The next two sections give a method of 
finding characteristic invariants and a method of finding a smallest full sys- 
tem, of which the work seems to be largely new and due to the author, as the 
reviewer does not recall having seen it and there is no reference. Then follow 
several sections of Dickson’s work on residual invariants for special cases and 
a very brief section on the kind of modular covariant that he calls non-formal 
residual covariant. The latter has not been studied up to the present, but seems 
to have no importance. 

In Part II, he devotes about eleven pages to Steinitz’s work on fields 
(Journal fiir Mathematik, vol. 137 (1909-10), pp. 167-309; published in book- 
form with title Algebraische Theorie der Kérper, under the editorship of R. 
Baer and H. Hasse, 1930) reproducing his central theorems on algebraic and 
transcendental expansions and systems both reducible and irreducible. Then 
he gives the rational basis theorem of E. Noether which was first published in 
the Géttinger Nachrichten for 1926 (Heft 1, p. 28) which asserts that, if {f} 
be a collection of rational functions f(x,---, x.) of » indeterminates 
%1, °° * , Xn With coefficients from a field K, then from {f} it is possible to choose 
a finite number of functions fi, - - - , fm such that every f is a rational function 
of these f; with coefficients from the field K. Such a system of forms fi, - - -, fm 
is called a rational basis. The proof depends essentially on a well known theo- 
rem about the dependence of +1 polynomials in m independent variables 
and a theorem of Steinitz. Then follow several pages on perfect and imperfect 
fields, together with the definition of the fields K?*/ followed by a section on 
expansions of the first and second sort. Having thus prepared the way, the 
author is now ready to give van der Waerden’s theorem on divisor chains. 
If R be a ring in which every ideal is finite, then every ideal of R has a finite 
basis if and only if there exist no chain of ideals ai<a2< - - - , where aj;: is 
an actual divisor of a;, which chain does not come to an end after a finite 
number of steps. After two more sections on R-modules and a theorem on 
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rings due to Artin and van der Waerden, he gives the finiteness criterion of E. 
Noether which asserts that a ring Jof polynomials in 1, - - - , x» with coeffi- 
cients from P, which has no divisors of zero, is finite with respect to P if and 
only if there exist within J a sub-ring R which is finite with respect to P, such 
that every element of Jis R-entire. From this follows immediately, as a special 
case, the finiteness theorem for modular covariants. 

There are three appendices, of which the first is devoted to a summary of 
all papers on modular covariants published since the third volume of Dickson’s 
History of the Theory of Numbers, where (in Chapter 19) he gave a sum- 
mary of all papers published up to that date. In the second, he gives a list of 
papers on the subject; and, in the third, a tabulation of those papers in which 
modular covariants of an m-ary l-ic are considered for particular cases of m 
and /. 

The reviewer noticed only one misprint that might bother anyone. On 
page 30, in the footnote, the reference should be to volume 24 (1922) of the 
Transactions and not to volume 14 (1913). 

In the amount of space at his disposal, the author seems to have done about 
the best possible in presenting his subject. Although the reviewer would most 
certainly not have followed the order of topics chosen by the author, yet she has 
to admit that the author has succeeded in giving practically all the widely 
differing points of view of the various writers. It is unfortunate that the second 
part of the tract is so radically different from the first; but this is a comment 
on the mathematics rather than on the author, at the present stage of develop- 
ment. Of course the finiteness theorem is, strictly speaking, a theorem of rings 
in general and not of modular invariants themselves, so that the sharp cleavage 
is natural. The author has certainly assimilated the theorems and processes 
of the theory of modular invariants and he is to be congratulated on his tract. 


O. C. HAZLETT 
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Economic Control of Quality of Manufactured Product. By Walter A. Shewhart. 
New York, Van Nostrand, 1931. xiv-+-501 pp. 


This important book, written by a recognized authority in the fast develop- 
ing field of mathematical statistics, comes asa welcome addition to the all too 
sparse collection of expository books. Those who have wished in their statis- 
tical courses for practical problems to illustrate sampling theory, the correla- 
tion surface, frequency distribution of parameters such as the mean and stand- 
ard deviation, and the use of Chi Square, will be enthusiastic about the splen- 
did collection of practical problems most of which have their origin in the tele- 
phone business. 

It has been known for some time (at least since the time of Gauss) that the 
distribution of the average X of asample taken from a normal universe is nor- 
mal with a standard deviation o/4/n. Student, Karl Pearson, and R. A. Fisher 
have studied the distribution of the standard deviation, and Fisher has given 
the theoretical formula. For non-normal universes we do not know the distri- 
bution of so simple a statistic as the arithmetic mean. Therefore, for non- 
normal universes appeal must, at present, be made to experimental data. Dr. 
Shewhart presents observed distributions of average of 1,000 samples of four 
taken from (1) a rectangular universe and (2) a triangular universe. These dis- 
tributions appear to approach normality as the number of samples increases 
and as a result it seems safe to say that in almost all casesin practice we may 
establish sampling limits for averages of samples of four or more upon the 
basis of normal law theory. Shewhart gives also the results of experiments 
to obtain the distribution of the standard deviation when the universe is not 
normal. The summary of available information in respect to some of the more 
important statistics, which is given on page 212, should be of challenging inter- 
est to mathematicians. 

After briefly indicating in a general way in Chapters 1, 2, 3, and 4 how it is 
possible to use modern statistical theory to control quality of the manufactured 
product, Dr. Shewhart digresses to give a practical presentation of statistical 
theory, especially the modern theory of sampling. Some elementary but im- 
portant problems of presenting data by tables and graphs are considered in 
Chapters 5 and 6. Such statistical concepts as arithmetic mean, median, mode, 
standard deviation, skewness, kurtosis, correlation coefficient, and correlation 
ratio are defined and their calculation is illustrated in Chapter 7. A discussion of 
the relative usefulness of these statistics and a development of Tchebycheff’s 
theorem are given in Chapter 8. A study of correlation and relationship is 
presented in Chapter 9. Laws basic to the control of quality, that is, the law of 
large numbers, the point binomial, and the meaning of statistical laws are 
described in Chapter 10. The development of statistical concepts will be found 
to be sufficiently complete for those who do not require the details of difficult 
proofs. Those who wish to investigate proofs will find ample references to 
periodical literature. An excellent bibliography is given as Appendix IIT. 

Chapters 11 to 21 can best be described by presenting outlines of some of 
the problems of control. 
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At present we are coming more and more to realize that we cannot do 
things just as we would like to do them. We can, however, approach a state 
of perfection by eliminating known causes of variation from standard. Thus, 
we may have control within limits. In Dr. Shewhart’s words: “since we are 
thus willing to accept as axiomatic that we cannot do what we want to do and 
cannot hope to understand why we cannot, . . . we must also accept as axio- 
matic that a controlled quality will not be a constant quality.” “A phenomenon 
will be said to be controlled when through the use of past experience . . . we 
can state, at least approximately, the probability that the observed phenome- 
non will fall within the given limits.” 

If only chance causes affect the quality of a product, then the probability 
dy of the magnitude X of a characteristic of the quality falling within the in- 
terval X +dX is expressible as a function f of the quantity X and certain param- 
eters represented symbolically in the equation dy=f(X, 2, Am)dX. 
Dr. Shewhart calls such a system of causes constant, because the probability 
dy is independent of time. Thus, if a cause system is not constant, there is an 
assignable cause present. 

“Stated in terms of effects of a cause system, it is necessary that differences 
in the qualities of a number of pieces of a product appear to be consistent with 
the assumption that they arose from a constant system of chance causes.” 
If a product is statistically controlled, that is, if the system of chance causes 
appears to be constant, “there is an objective probability » that a piece of 
this product will be defective.” According to the law of large numbers “the 
observed fraction defective in successive samples of size m should be clustered 
or distributed about the value =P in accord with the terms of the point 
binomial (P+q)*.” 

In practice there will be a sequence of observed values of the fraction de- 
fective p. The method of attack for determining whether or not the quality 
as measured by fraction defective is statistically controlled is to establish 
limits of variability of p such that when a fraction defective is found outside 
these limits, looking for an assignable cause is worthwhile. Of course, no matter 
how these limits are set so long as they are not outside the limits of the fre- 
quency distribution, some of the observed fraction will fall outside the limits. 
Hence if trouble is looked for each time falls outside the limits, there will be 
times when no trouble can be found. The practical problem, therefore, re- 
quires that the limits be economic, that is, a balance must be struck between the 
advantages to be gained by reduction in the cost of looking for trouble when 
it does not exist and the disadvantages occasioned by overlooking troubles 
that do exist. 

Tchebycheff’s theorem provides a theoretical way for setting limits of qual- 
ity. This theorem states that the probability, P, that a statistic @ will lie within 
limits @ + fog, where @ is the expected value of @ and g¢ is the standard deviation 
of 0, satisfies the inequality P>1—1/#2. According to Dr. Shewhart, exper- 
ience indicates that t=3 is an acceptable economic value. Dr. Shewhart’s 
method for establishing allowable limits of variation in a statistic 6 therefore 
depends upon theory to furnish the expected value 6 and the standard devia- 
tion o, of the statistic, and upon empirical evidence to justify the choice of 
limits 0+ top. 
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Statistics which are most useful in control of quality are the mean and 
standard deviation. Skewness and kurtosis are of little if auy value for this 
problem. Hence from a design viewpoint the specifications of control should 
include the specifications of expected value X; and standard deviation o; of 
any quality characteristic X;. For such specifications it is possible to test for 
control by constructing charts for the mean X and standard deviation o using 
as boundaries X +30,and ¢ +3a,. If a value of either X or o for a sample falls 
outside these limits, this may be taken as an indication of lack of control. 

Another important problem is that of determining if it is probable that 
samples came from the same system of chance causes. For this problem neither 
the mean X nor the standard deviation o are known and it becomes necessary 
to estimate them from the samples themselves. Dr. Shewhart points out that 
it is desirable to choose estimates that will be most likely to indicate lack of 
constancy in the cause system, and proposes that o be chosen by means of a 
theoretical formula ¢ =q@o0, where @ is the expected value of « and @ is a con- 
stant for a given sample size. He gives tables of this constant for values of 
sample size from 3 to 100. Once estimates of X and o are available, the problem 
is essentially that already described. 

Chapter 21 is concerned with the problem of detecting the presence of a 
predominating cause or group of causes forming a part of a constant system. 
Three methods of detection are given. The first involves the use of the correla- 
tion coefficient, the second of the Tchebycheff inequality and theoretica! 
knowledge of the distribution of means and standard deviations, and the 
third of Chi Square. 

Chapter 22 is devoted to a general discussion of modern industrial research, 
physical properties of matter, and various means of estimating average and 
standard deviation. Here a short discussion of the method of maximum like- 
lihood is given. Chapter 23 considers the relationship of measurement to samp- 
ling. Chapter 24 treats methods of sampling and size of sample. Chapter 25 
contains a general résumé of control and reasons for control. 

This book is on the whole very well written and contains very few errors. 
The style is interesting for those who like variety of illustrations and conse- 
quent repetition. The statistical reader will do well to read the introductory 
chapter and then turn to Chapter 11. 

C. F. Roos 
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LEWIS CARROLL 


A Handbook of the Literature of the Rev. C. L. Dodgson (Lewis Carroll). By 
Sidney Herbert Williams and Falconer Madan. Oxford University Press, 
1931. xxv +336 pp. and 16 plates. 


Catalogue of an Exhibition at Columbia University to Commemorate the one 
hundredth Anniversary of the Birth of Lewis Carroll (Charles Lutwidge Dodg- 
son) 1832-1898. New York, Columbia University Press, 1932. x+153 
pp. and 3 plates. 


The Lewis Carroll Centenary in London, 1932. Including a Catalogue of the Ex- 
hibition with Notes; an Essay on Dodgson’s Illustrators by Harold Hartley; 
and additional literary pieces (chiefly unpublished). Edited by Falconer 
Madan. With six illustrations. London, J. and E. Bumpus, 1932. xx+149 
pp. and 6 plates. The paper covered edition is without the plates and the 
“additional literary pieces.” 


Charles Lutwidge Dodgson (January 27, 1832-January 14, 1898), the 
centenary of whose birth has recently been so generally observed in the Eng- 
lish speaking world,* received a B.A. from Oxford University in 1854, was a 
mathematical lecturer there 1855-81, and was ordained deacon in 1861. Some 
of his more substantial mathematical publications were the following: 


* Until recently the chief sources of information concerning Mr. Dodgson 
were: E. V. Lucas, Dictionary of National Biography, Supplement, London, 
vol. 2 (1901), pp. 142-144. S. D. Collingwood, The Life and Letters of Lewis 
Carroll, London, 1899, xx+448 pp.; bibliography, pp. 441-443. S. D. Colling- 
wood, The Lewis Carroll Picture Book, London, 1899. The most charming of all 
sketches is that of W. De La Mare, Lewis Carroll, London, 1932, 62 pp. (Re- 
printed from pp. 218-255 of The Eighteen-Eighties. Essays by Fellows of the 
Royal Society of Literature, Cambridge, England, 1930. Abridged in Fortnightly 
Review, vol. 134, Sept., 1930, pp. 319-331, and in Saturday Review of Litera- 
ture, New York, vol. 7 (Oct. 11, 1930), pp. 202-203.) Other recent publications 
are: (a) L. Reed, Life of Lewis Carroll, London, 1932, 142 pp. (b) R. B. Braith- 
waite, Lewis Carroll as a logician, Mathematical Gazette, vol. 16, July, 1932, 
pp. 174-178. (c) T. Maynard, Lewis Carroll, mathematician and magician, 
Catholic World, vol. 135, May, 1932, pp. 193-201. (d) E. Wilson, The poet 
logician, New Republic, vol. 71 (May 18, 1932), pp. 19-21. (e) C. Hargreaves, 
Alice’s recollecttons of Carrollian days as told by her son, Cornhill Magazine, vol. 
73 (July, 1932), pp. 1-12. (f) E. M. Arnole, Reminiscences of Lewis Carroll, 
Atlantic Monthly, vol. 143 (June, 1929), pp. 782-789. (g) W. R. Benét, Round 
about Parnassus, Saturday Review of Literature, vol. 6 (Oct. 26, 1929), p. 316. 
(h) D. E. Smith and V. Sanford, Mathematics Teacher, vol. 15 (Jan., 1932), 
pp. 38-43. (i) New York Times Magazine, Jan. 24, 1932, (1) G. K. Chesterton, 
The 100th birthday of nonsense; (2) C. Price, Alice lives in wonderland—and 
in fact; (3) P. W. Wilson, Dodgson-Carroll: a dual character. 
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1. Syllabus of Plane Algebraical Geometry (1860), 2. Elementary Treatise on Deter- 
minants (1867), 3. Euclid and his Modern Rivals (1879; second ed., 1885) and 
Supplement (1885), 4. Curiosa Mathematica (2 v., 1888-93, 4 eds.), and 5. 
Symbolic Logic, Part I. Elementary (1896, 4 eds.). Number 3 is mainly thrown 
into dramatic form and is a critique of modern substitutes for Euclid’s Ele- 
ments, which were doubtless inspired, in part, by the Association for the 
Improvement of Geometrical Teaching and its various Reports (1871-93) and 
Syllabi (1875-89). Part I of number 4 dealt with “A new Theory of Parallels,” 
and Part II was entitled “Pillow-Problems thought out during sleepless nights.” 
The latter was a set of seventy-two problems chiefly in algebra, plane geometry, 
and trigonometry. Number 5 is the only one of the above works published 
under the pseudonym “Lewis Carroll,” first used by him in 1856. 

But Lewis Carroll is chiefly known throughout the world as the author of 
Alice’s Adventures in Wonderland, first published in 1865 (with the remarkable 
illustrations of Sir John Tenniel), and of Through the Looking Glass and What 
Alice Found There (1871). Of the former there have been scores of editions and 
it has been translated into Braille, Chinese, Czech, Dutch, Esperanto, French, 
German, Hebrew, Hungarian, Irish, Italian, Japanese, Norwegian, Russian, 
shorthand, Spanish, and Swedish. Lewis Carroll’s original for his “Alice” was 
Alice Liddell, daughter of the Dean of Christ Church, Oxford. She became 
Mrs. Hargreaves and is still living. About a year ago she visited New York, 
at the time of the Lewis Carroll exhibition at Columbia University, which con- 
ferred on her an honorary degree. The first draft, unfinished and unpolished, 
of Alice’s Adventures in Wonderland was Alice’s Adventures Under Ground, 
which was reproduced in facsimile, and published, in 1886. In April 1928, the 
manuscript was sold for £15,400 to Dr. Rosenbach of Philadelphia. In the 
following October he sold it for £30,000 to Mr. Edridge R. Johnson of Mor- 
ristown, N.J. 

The first separate bibliography of the writings of Lewis Carroll was the 
volume by S. H. Williams published in London in 1924 (xiv+142 pp.). The 
material here given is, however, but a small fraction of that given in the 
Handbook, by Williams and F. Madan, issued by the Oxford University Press. 
This is a most admirable volume packed with all sorts of bibliographic, bio- 
graphic, and other information of interest to the general reader or specialist. 
Collections of Carrolliana are here also described. The authors state that 
“there are only two first-class collections, the public one at Harvard Univer- 
sity, - - - , and the one owned by Mr. M. L. Parrish of Philadelphia.” In con- 
nection with this latter collection it is stated: “In the collection are about 500 
of Dodgson’s Mathematical Papers, without recourse to which the extent and 
thoroughness of his work in this line cannot be appreciated; and parts are in a 
condition ready for publication.” 

The Catalogue of the exhibition at Columbia University contains 415 items 
most of which were loaned by collectors, Mr. Johnson, Mr. Parrish, Professor 
Zanetti of Columbia University, The Pierpont Morgan Library, Mr. Owen D. 
Young, and many others. The catalogue contains also four portraits and an 
index. The paper cover copies cost 35 cents each; but the red cloth numbered 
copies cost $5.00 apiece! 
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The Catalogue of the exhibition in London is much more attractive in every 
way. The notes for the 691 entries are more profuse and the additional material 
is of special interest. There were quite a number of items neither manuscript 
nor printed. 

The verse of Dodgson has been collected in a single volume with an intro- 
duction by J. F. McDermott (New York, 1929). Much of this verse has been 
set to music,* some of which is to be found on phonographic records. The 
number of mathematicians who have written verse, or dramas, is quite large. 
But the number of those who have produced a great effect on their country’s 
literature, like Lewis Carroll in the writing of nonsense, is exceedingly small. 

R. C. ARCHIBALD 


PICARD ON CURVES AND SURFACES 


Quelques Applications Analytiques de la Théorie des Courbes et des Surfaces 
Algébriques. By M. Emile Picard. Paris, Gauthier-Villars, 1931. viii 
+224 pp. 

This volume is published as Fascicule 9 of the Cahiers scientifiques. It 
contains the course given at the Sorbonne in 1930. The first chapters discuss 
Abelian integrals and the problem of inversion for p=1 and p>1. After men- 
tioning the theorem of Jacobi that a single-valued function in one variable can 
have no more than two distinct periods, the corresponding theorem for two 
variables is proved. Its statement is that a single-valued function of two va- 
riablescan have no more than four pairs of distinct periods. Furthermore, it is 
proved that if one imposes upon a quadruply periodic function the condition 
of being rational at any finite point, there necessarily exists a relationship be- 
between the four pairs of periods. A set of equations expressing this relation- 
ship is found. 

Chapter 3 mentions the known theorems (a) that the coordinates of a point 
of an algebraic curve of genus zero are expressible as rational functions of a 
single parameter, (b) that the coordinates of a point of a curve of genus one are 
expressible by doubly periodic functions which are meromorphic at any finite 
point. In these two cases, the functions which give the parametric representa- 
tion have only isolated poles or singular points throughout the whole plane. 
Then follows the more general theorem due to Poincaré, (c) that the coordi 
nates of any point of an algebraic curve can be expressed by single-valued func- 
tions of a single parameter, but when the genus is greater than one, the essen- 
tial singularities of these functions are no longer isolated. 

The solution of the differential equation 


which possesses a meromorphic integral at any finite point of the plane, requires 
nothing but exponential functions and doubly periodic functions. The solution 
of 


* The work of Williams and Madan lists (pp. 263-281) nearly 70 “dramatiza- 
tions and musical settings” of Carroll’s Alice and verse. 


du 
F =0, 
dz 
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d? 
F 
dz? 


integrable by meromorphic functions, requires nothing but the classical trans- 
cendental functions. 

Chapter 4 demonstrates some theorems on harmonic functions and con- 
siders the equation Au =ke*. 

The next chapter begins by stating the theorem: To any algebraic surface, 
f(x, y, 2) =0, there always corresponds by means of a birational transformation 
a surface F(X, Y, Z)=0 having no singularities but a double curve which 
may contain a certain number of triple points. It is allowable, of course, that 
these singularities are the most general ones of their kind, that is, the tangents 
to the double curve at a triple point are distinct and not situated in the same 
plane. Moreover, the tangent planes at a point of the double curve are distinct 
except, perhaps, for a limited number of points called pinch points. Let us ex- 
amine some non-decomposable surfaces of the fourth order whose plane sec- 
tions are unicursal curves. These curves being permitted to have three double 
points, there must exist a double curve of the third order which can not be a 
plane curve, for then any straight line of the plane would cut the surface in six 
points. If this cubic is not degenerate the surface is ruled, for through any point 
M of the surface there passes a double secant of the cubic, and since this line 
then meets the surface in 5 points it lies entirely in the surface. If the cubic 
degenerates into a straight line and a conic, the straight line necessarily meets 
the conic, otherwise, through the trace of the line on the plane of the conic, an 
infinity of straight lines could be drawn cutting the surface in 6 points. We see 
as before that the surface is ruled. It is easy to form the equation of surfaces 
of this kind in these two cases. Let f1:=0, f2=0, and f;=0 be the equations of 
three quadrics passing through the cubic but not belonging to the same pencil. 
Any equation of the form 
(1) + + Cfs? + Dfife+ Efefs + Ffafi = 0, 
where A, B,--- , Fare constants, represents a surface of the fourth order pos- 
sessing the cubic as a double curve. Finally let the cubic degenerate into three 
straight lines. These lines must be concurrent and not coplanar. It may be 
shown that there can be no other lines on the surface but those passing through 
the triple point. Cones which have a plane unicursal quartic for a base are sur- 
faces of the kind represented by equation (1). Besides there exist non-ruled 
surfaces of the fourth order which possess three double lines. By taking these 
lines as axes of coordinates, equation 

Ax?y? + By*s? + Cs*y? + xyz = 
represents such a surface, which is not a cone, and which can not contain any 
straight lines but the double lines. These problems are then generalized. 

The theory of algebraic curves leads to the study of Abelian integrals. The 
theory of surfaces leads to an analogous study of the total differential equation 
P(x, y, z)dx+Q(x, y, z)dy=0, where P and Q are rational functions of x, y, and 
z, and where z is supposed to be replaced by its value taken from the equation 
of the surface f(x, y, 2) =0. The functions P and Q also satisfy the condition 
of integrability 0P/8y=08Q/dx. The study of these expressions leads to results 
which have no equivalent in the study of curves. 
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Integrals of the first kind are defined by the condition that they keep a finite 
value at every finite or infinite point of the surface. Picard then finds several 
conditions that must be met in order that there may exist integrals of the first 
kind. Examples are given of surfaces which do meet these conditions. 

Integrals of the second kind for a total differential are those whose value 
along a path, which is reducible to a point by continuous deformation, is zero. 
Such integrals exist and may be found but a lengthy discussion shows that in 
general a surface has no integrals of the second kind. Any integral of the ra- 
tional total differential Rdx+Sdy which does not meet the conditions of the 
first two kinds is called an integral of the third kind. 

One can draw on a surface, with ordinary singularities, particular curves 
CG, C2, - ++, Cy, such that there exists no integral of the third kind for the total 
differential having as specific logarithmic curves the totality of curves C or a 
part of them but such that there does exist an integral of the third kind having 
for specific logarithmic curves a (p+1)th arbitrary curve [ and the totality 
of curves C or a part of them. 

The two final chapters discuss the double integrals of rational functions 
SSF(x, y)dx dy and [{R(x, y, z)dx dy, where f(x, y, 2) =0. 

The book ends with three notes which had previously appeared in mathe- 
matical journals. 

F. A. FORAKER 


FOWLER ON STATISTICAL MECHANICS 


Statistical Mechanics. By R. H. Fowler. Cambridge University Press, 1929. 
570 pp. 


The Adams Prize in the University of Cambridge for 1923-1924 was 
awarded to Mr. R. H. Fowler for an essay dealing with the properties of 
matter at high temperatures. The essay was subsequently developed into the 
extensive systematic treatise before us for review. The author, with the 
occasional collaboration of other scientists generously acknowledged in his 
preface, has prepared a detailed survey of a very large portion of the existing 
theoretical and experimental material concerning the behavior of matter in 
bulk. The mechanical principles on which the treatment is based are those of 
the classical and the Bohr-Sommerfeld theories; the essential modifications 
necessitated by the newer quantum theory are discussed in the final chapter. It 
should not be supposed, however, that this point of view detracts seriously 
from the fundamental value of the book; for, essentially the same statistical 
methods are effective in the new quantum theory as in the others and the 
results obtained upon the introduction of the Bose-Einstein and Fermi-Dirac 
statistical weightings are often only slightly different from those obtained 
in the older quantum theory. If the author should set out to revise his treat- 
ment of those instances where the principles of the present quantum theory 
produce essential changes, he would run today the same risk that he incurred 
in 1926-1929 of seeing the basic physical principles of his work supplanted al- 
most before the last pages of the manuscript reached the printer. 


| 
| 

| 
| 
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On the mathematical side, which we shall discuss in some detail, Mr. 
Fowler has introduced some very welcome improvements based on papers 
written in collaboration with Professor Darwin (see references in Cambridge 
Philosophical Society, Proceedings, vol. 21 (1922-23), p. 720). In order to 
discuss the precise nature of the contribution, we must recall some of the 
various approaches to the theory of matter in bulk. One can attack the problem 
in terms of thermodynamics, the Gibbs statistical mechanics, the combinato- 
rial statistical mechanics (employed in the present work), or the Maxwell- 
Boltzmann statistical mechanics. In thermodynamics one deals directly with 
inductive knowledge about the energy exchanges between large aggregates of 
matter and radiation without inquiry into the detailed mechanism of the 
exchange; but in each of the various statistical methods one treats the behavior 
of large aggregates as the statistical resultant of the behavior of the constituent 
individuals, assumed to obey strict mathematical laws and to proceed with 
little or no interaction. It is in their use of these statistical and dynamical 
assumptions that the three methods differ, the order in which we have named 
them above being that of increasing analytical detail in these regards. In the 
statistical approach, there is a fundamental paradox in supposing determinate 
behavior for the individuals and statistical behavior for the aggregate, as one 
had to do before the discovery of the wave mechanics. The attempts to dispose 
of this paradox by the hypothesis of continuity of path and various related 
“ergodic” and “‘quasi-ergodic’’ hypotheses about the nature of dynamical 
systems have been left in an entirely unsatisfactory position until the recent 
conclusive analyses noted below. We should mention in passing that Mr. 
Fowler quite wisely does not go beyond a statement of the difficulty. In the 
combinatorial statistical mechanics, which concerns us here, the possible states 
of the aggregate together with their appropriate statistical weights are deter- 
mined combinatorially from the possible states of the individuals and their 
postulated statistical weights; the equilibrium, and to some extent the dy- 
namical, properties of the aggregate are then calculated as statistical averages 
or maximum values (most probable values). The statistical weights and 
averages for the aggregate depend upon the dynamical invariants of the 
problem (such as energy, moment of momentum, numbers of individuals of 
various types, and so on), and are to be characterized for large values of 
these parameters. The specific improvements introduced by Mr. Fowler are: 


(1) the consistent use of expected or mean values in place of most probable 
values; 

(2) the use of Laplace’s method of generating functions coupled with the 
method of steepest descent to obtain asymptotic formulas for these mean 
values, in place of the more usual and somewhat indiscriminate use of Stirling’s 
formula. 

The mathematical reader may be pardoned for a feeling of surprise that 
these innovations should not have been introduced somewhat earlier, particu- 
larly because physicists have consistently used these methods in other fields; 
but he will find in Mr. Fowler’s recognition of their value a source of real 
gratification. An interesting point in connection with the method of steepest 
descent in this theory is that it is more than a convenient mathematical 


| 
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device; it involves the calculation of a significant equilibrium property of the 
aggregate under consideration. In essence, the method of steepest descent 
consists in calculating a given contour integral by deforming the contour, in 
accordance with Cauchy’s integral theorem, into one on which the integrand 
is negligibly small save in the vicinity of a single point z=0. In the cases which 
arise here, the number @ is real and satisfies the inequality 0<@<1; and all 
average values for the aggregate depend upon @. Since @ thus specifies the 
equilibrium or average state of the aggregate, it is natural to interpret it asa 
measure of the temperature; in fact, it is found that the quantity —(1/k) log 0, 
where & is Boltzmann's constant, has the properties of temperature on the 
absolute scale. With these tools, the author proceeds to a systematic develop- 
ment of his subject, discussing aggregates of a generality suitable to the 
physical problems he desires to treat and pointing out in detail the relations 
between his general results and those obtained in the other theories mentioned 
above. Since the exposition is extended over the whole book and is interrupted 
by the study of numerous physical applications, mathematical readers may 
find the following summary of the theoretical discussion helpful. Chapters 1 
and 2, Fundamental principles with illustrative examples, comparison with the 
Gibbs statistical mechanics. Chapter 3 (last two sections), Calculation of 
fluctuations or standard deviations. Chapter 5, Extension to aggregates in 
which dissociation and combination of individuals can occur. Chapter 6, 
Derivation of the laws of thermodynamics, and study of the inverse problem 
of calculating statistics of the individuals from the statistics of the aggregate. 
Chapters 17 and 18, The connections with the Maxwell-Boltzmann theory 
and the dynamics of aggregates. Chapter 20, Calculation of the higher mom- 
ents of deviations. Chapter 21, Modifications necessitated by the new quantum 
theory. The results of the combinatorial statistical mechanics are essentially 
independent of the particular laws governing the behavior of the individuals, 
so long as interaction is neglected. In order to take account of interaction, it is 
necessary either to apply the methods of perturbation theory or to make a more 
detailed study of the mechanism of interaction along the lines of the Maxwell- 
Boltzmann theory. On the other hand, the observed divergence between the 
behavior of a physical system and that of a model aggregate with interactions 
suppressed may be analyzed to throw light on the nature of the existing inter- 
actions between the individuals of the physical system. The mathematical 
theory of these problems has not yet assumed a satisfactory form and must 
be supplemented by those semi-empirical methods in which the genius of the 
theoretical physicist is revealed. The discussion of these important matters is 
given in Chapters 8, 9, and 17-19. 

At this point, we shall digress momentarily from our consideration of the 
book to call attention to subsequent progress in statistical mechanics. The most 
significant advance is the definitive analysis of the ‘‘quasi-ergodic” hypothesis, 
which finally places classical statistical mechanics upon a sure foundation. 
Since the history of the successive contributions to this analysis is an unusually 
complicated one, we shall give merely a chronologically arranged list of papers, 
without comment, as follows: B. O. Koopman, Proceedings of the National 
Academy of Sciences (vol. 17 (1931), pp. 315-318); T. Carleman, Arkiv for 
Matematik, Astronomi, och Fysik (vol. 22B (1931-1932), No. 7); G. D. 
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Birkhoff, Proceedings of the National Academy of Sciences (vol. 17(1931), 
pp. 650-660); J. von Neumann, Proceedings of the National Academy of 
Sciences (vol. 18 (1932), pp. 70-82); E. Hopf, Proceedings of the National 
Academy of Sciences (vol. 18 (1933), pp. 93-100 and pp. 204-209); B. O. 
Koopman and J. von Neumann, Proceedings of the National Academy of 
Sciences (vol. 18 (1932), pp. 255-263); J. von Neumann, Proceedings of the 
National Academy of Sciences (vol. 18 (1922), pp. 263-266); G. D. Birkhoff 
and B. O. Koopman, Proceedings of the National Academy of Sciences 
(vol. 18 (1932), pp. 279-282); T. Carleman, Acta Mathematica (vol. 59 (1932), 
pp. 63-87); J. von Neumann, Annals of Mathematics, ((2), vol. 33, pp. 587-642 
and pp. 789-791). Another important contribution has been made by Carle- 
man, Acta Mathematica (vol. 60 (1933), pp. 91-146) in a long paper on a 
fundamental integro-differential equation of the Maxwell-Boltzmann theory. 
Finally, the principles of statistical mechanics under the new quantum theory, 
which have been more clearly formulated and more widely developed since 
the publication of Mr. Fowler’s book, are ably expounded by J. von Neumann 
| Mathematische Grundlagen der Quantenmechanik, Springer, 1933). 

It remains for us to comment, however inadequately, upon the physical 
side of Mr. Fowler’s discussion. In fairness, we shall refer the reader to the 
article of a reviewer more competent in these matters (see J. H. Van Vleck, 
Science, vol. 70(1929), pp. 41-43). It suffices to say that the author presents a 
rich diversity of theoretical and experimental material on such subjects as 
perfect and imperfect gases, chemical reactions, solutions of electrolytes, inter- 
atomic forces, problems of stellar atmospheres, and the behavior of matter at 
high temperatures. His practice of making continual comparisons between 
theory and experiment cannot be too highly commended. It is the reviewer’s 
opinion, supported by some of the physicists whom he has consulted, that a 
distinct improvement would have resulted from a similarly consistent practice 
of stating the physical conditions under which the statistical method can be 
expected to yield averages with probable errors between prescribed limits. In 
principle, the student of Mr. Fowler’s treatise has the material for such calcu- 
lations before him; but in practice he would find it difficult and tedious to 
perform them and would even have to commence his labors by sharpening the 
fundamental theorem from which the asymptotic formulas of the book are 
derived. 

The reader of this encyclopaedic work cannot fail to be impressed by the 
remarkable range and power of statistical methods in theoretical physics. It 
can hardly be doubted that analogous methods have an equally important 
part to play in domains outside the exact sciences. The reviewer ventures to 
suggest that various problems of biology and economics present a sufficient 
similarity to the problem of the behavior of matter in bulk to demand parallel 
statistical theories along synthetic lines. 

In closing, we add one more compliment to the long list of those which the 
Cambridge University Press has received for the distinctive and beautiful 
volumes presented under its imprint. 

M. H. Stone 
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SHORTER NOTICES 


Mémoires sur la Mécanique Ondulatoire. By E. Schrédinger. Paris, Alcan, 1933. 
xxvi+234 pp. 

An English translation of Schrédinger’s collected papers on undulatory 
mechanics was reviewed in this Bulletin (vol. 35 (1929), p. 403). This French 
translation, by Al. Proca, has some additional notes, prepared by the author 
for this edition, and M. Brillouin contributes an interesting preface. A subject 
and author index has been added. 

E. P. ApAMs 


Darstellende Geometrie, Vierter Teil: Freie und gebundene Perspektive, Photo- 
grammetrie, kotierte Projektion. By Robert Haussner and Wolfgang Haack. 
Berlin-Leipzig, Sammlung Géschen, 1933. 144 pp. 

The fourth part of this treatise is written by Professor Haussner of tke 
University of Jena and Dr. Haack, Privatdozent at the Technische Hoch- 
schule at Danzig-Langfuhr. Like other continental authors they use the rather 
superfluous terms free (freie) and restricted (gebundene) perspective. The first 
is made to differ from central projection, or perspective collineation, by adding 
auxiliaries as the distance-circle, so that from the projection it is possible to 
reconstruct the figure in space. The second is concerned with the construction 
of perspectives (artistic perspectives) from plan and elevation of the object. 

The third section gives a short account of photogrammetry, the art of 
reconstructing a true topographical situation from several perspective views 
(photographs). The last part treats of contour-line representations as repre- 
sented by topographical maps. In the fifth part we find some remarks on 
linear mapping, cyclography, etc. The booklet is well done and clearly written. 

ARNOLD EMcH 


Einleitung in die hihere Geometrie. By L. Bieberbach. Teubner’s Mathematische 
Leitfaiden, vol. 39. Leipzig, Teubner, 1933. iv-+128 pp. 


This introduction to higher geometry by Bieberbach, published as volume39 
of Teubner’s well known expository texts, complements the author’s preceding 
volumes on analytic and projective geometry, which latter I have reviewed 
earlier in this Bulletin. The general remarks which I have made there also 
apply to this volume. 

The principal purpose of the author is to bring out the isomorphism be- 
tween certain geometries in the spirit of Klein’s famous Erlanger Programm 
which leads to Cayley’s unique dictum: “all geometry is projective geometry.” 

In addition to a rather careful axiomatic development of projective 
geometry, the little treatise contains chapters on line-geometry, circle-geometry 
according to Mébius and Lie, projective metrics, non-euclidean geometry, etc. 

It is thus seen that the contents form important parts of an introduction 
to higher geometry. They are very ably and rigorously presented. 

ARNOLD EMCcH 
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Réel et Déterminisme dans la Physique Quantique. By E. Meyerson. Paris, 

Hermann, 1933. 49 pp. 

This is number 68 of the series Actualités Scientifiques et Industrielles, and 
number 1 of the sub-series Exposés de Philosophie des Sciences, published under 
the direction of L. de Broglie. There is little contact with mathematics, the 
principal topic of discussion being the effect of modern physical theories (in 
particular the indeterminacy principle of Heisenberg) upon the reality (thing 
in-itself) problem of philosophy. A single quotation may serve to indicate the 
stimulating character of this small work of a famous philosopher: “II est par- 
faitement vrai que la science ne peut nier |’existence du miracle.” 

F. D. MuRNAGHAN 


Etat Actuel de la Théorie du Neutron. (Exposés de Physique Théorétique, 111.) 
By Jean-Louis Destouches. Paris, Hermann, 1933. 68 pp. 


Volume 33 of Actualités Scientifiques et Industrielles, published under the 
direction of L. de Broglie, contains this very appropriate theoretical exposition 
of the neutron, following as it does the account by Irene Curie and F. Joliot 
of the experimental evidence for the neutron contained in volume 32. Too 
frequently the reader with an interest in physical research who wishes to follow 
the latest developments in some important phase of the subject must await a 
nearly complete settlement of the problem before he can find a summary of the 
facts and their implication which is understandable without special knowledge 
of the field concerned. Such a summary is contained in this exposé. It is par- 
ticularly valuable at this time because of the novelty and importance of the 
subject, and somewhat unique in that the present status of the theory is found 
to be wanting in certain important respects. 

The volume begins with a brief history of the neutron from the hypothesis 
of Rutherford in 1920 to the significant experimental evidence of Curie and 
Joliot, Chadwick, and others. This evidence is then briefly recounted. The 
possible constitution of the neutron is discussed and the main steps in the 
wave-mechanical treatment of this problem by Langer and Rosen are given. 
The wave-mechanical treatment is shown to entail serious obstacles to a satis- 
factory solution. Proposals with regard to the constitution of the nucleus are 
shown to require further detailed experimental evidence for confirmation. 
Bothe’s hypothesis to account for the emission of neutrons is described. An 
instructive chapter compares the properties of photons and neutrons, and the 
basis upon which the existence of the neutron rests is pointed out. Brief mathe- 
matical analysis is given of the existing theory concerning the passage of 
neutrons through matter. The problem admits’of approximate solution and 
the expression for the coefficient of absorption of neutrons is in reasonable 
agreement with the small amount of data available at present. The ionization 
produced by a neutron depends in its theoretical treatment upon the model 
assumed and upon the method of calculation. 

In conclusion it is pointed out that further theoretical progress concerning 
the nature of the neutron must await further precise experimental work; the 
form which such investigation should take is suggested by the theoretical 


aspect of the problem. A. T: Wiseman 
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The Quantum Theory. By Fritz Reiche. Translated by H. S. Hatfield and Henry 
L. Brose. New York, Dutton, 1930. viii+218 pp. 


Messrs. H. L. Brose and J. E. Keyston here present a second edition of the 
original English translation of Professor Reiche’s well known book. Since they 
have made few changes, we need add little to the comment of Professor H. B. 
Phillips in his review of the first edition (this Bulletin, vol. 26 (1922), p. 69). 
The first nine chapters trace the development of the quantum theory from the 
time of Planck’s initial discovery to the heyday of the Bohr-Sommerfeld theory. 
The tenth chapter, added by the translators “at the request of the author and 
various colleagues,” provides in twenty-four pages a very rapid historical and 
bibliographical survey of the wave mechanics and equivalent theories. The 
book is in no sense an adequate introduction to the physical theories now 
widely held, since it develops neither the physical and metaphysical principles 
nor the mathematical techniques which characterize the prevailing doctrines. 
Distinguished as it is by clear exposition and careful documentation, the book 
retains its full value as an aid to the student interested in the recent history of 
physics. 

M. H. STONE 


Gruppenbilder. By W. Threlfall. Leipzig, S. Hirzel, 1932. iv+59 pp. 


In the introduction to this brief volume its author remarks that the repre- 
sentations of discrete groups as groups of movements which transform surface 
elements or line complexes into each other has thus far not yielded in general 
a deep insight into the structures of these groups. In certain cases it has how- 
ever led to proofs which are simpler and more elegant than those based on cal- 
culations, and hence, like the closely related method of representing groups by 
permutations, it is useful in the study of certain features of group theory. 

No special knowledge of the subject is presupposed on the part of the reader 
so that the beginner in group theory will find here very interesting material 
relating both to the use of this subject in geometry and also to the use of geo- 
metric concepts in the development of group theory. In particular, the well 
known geometric representations due to Dyck and to Dehn are skilfully illus- 
trated and some fundamental theorems in topology are proved. In its original 
form this memoir was accepted in 1927 asa “‘Habilitationsschrift” at the Tech- 
nische Hochschule, Dresden, Germany. 


G. A. MILLER 
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NOTES 


In addition to those of the editorial staff of the Bulletin, the following 
persons have assisted the editors, either by refereeing papers or by advising 
concerning papers offered for publication in the present volume: A. A. Albert, 
W. L. Ayres, E. T. Bell, A. A. Bennett, B. A. Bernstein, R. D. Carmichael, 
E. W. Chittenden, A. B. Coble, L. E. Dickson, Jesse Douglas, Arnold Dresden, 
Arnold Emch, Raymond Garver, L. W. Griffiths, T. R. Hollcroft, E. V. Hunt- 
ington, W. A. Hurwitz, Louis Ingold, Dunham Jackson, A. J. Kempner, E. P. 
Lane, C. C. MacDuffee, W. A. Manning, A. D. Michal, C. N. Moore, F. S. 
Nowlan, Oystein Ore, G. Y. Rainich, J. F. Ritt, J. A. Shohat, H. A. Simmons, 
Virgil Snyder, J. D. Tamarkin, H. S. Wall, J. H. M. Wedderburn, H. S. White, 
E. T. Whittaker, G.T. Whyburn, W. M. Whyburn, R. L. Wilder, W.A. Wilson, 
B. C. Wong. The editors desire publicly to acknowledge this service. 


On the occasion of its twenty-fifth anniversary celebration, held in Bombay 
in December, 1932, the Indian Mathematical Society decided to issue in future 
two quarterlies in place of its Journal, roughly corresponding to Parts I and II 
of the Journal. The first of these will begin publication in 1934; in its place in 
1933 will be issued the Jubilee Memorial Volume, containing an account of 
the Bombay Conference and the full text of the papers read there. The second 
quarterly, The Mathematics Student, has already begun publication, under 
the editorship of A. Narasinga Rao. 


A Science Advisory Board, to cooperate with the National Research Coun- 
cV under the jurisdiction of the National Academy of Sciences, has been ap- 
pointed by President Roosevelt to study problems of the various government 
departments with a view to improving coordination. President K. T. Compton, 
of the Massachusetts Institute of Technology, has been made chairman. 


Associate Professor E. L. Mackie, of the University of North Carolina, 
has been elected chairman of the mathematics section of the North Carolina 
Academy of Sciences, and Associate Professor E. R. C. Miles, of Duke Univer- 
sity, secretary of that section. 


Madras University has established a Ramanujan Memorial Prize for an 
essay or thesis embodying research in any field of mathematics by a person 
born or domiciled in India. Competition closes December 1, 1933. 


The Veneroni prize of the University of Pavia has been awarded to Dr. 
Mario Villa, of that University. 


Cambridge University has awarded its John Winbolt prize to P. A. Lamont, 
of Corpus Christi College, for a dissertation on The stresses and deformations 
in retaining walls of triangular section. 


Louis de Broglie has been elected a member of the Paris Academy of 
Sciences in the section of mechanics. 


— 


858 NOTES (November. 


A bust of Gaston Darboux was unveiled in October, 1933, at the Lycée of 
Nimes. 


Professor Pieter Zeeman, of Amsterdam, has been elected a foreign asso- 
ciate of the Paris Academy of Sciences. 


Among the American mathematicians who have been elected fellows of 
the Econometric Society are the following: G. C. Evans, Harold Hotelling, 
C. F. Roos, E. B. Wilson. 


Professor Frank Schlesinger, of Yale, has been elected correspondent of 
the Paris Academy of Sciences in the section of astronomy. 


The following have been appointed National Research Fellows in mathe- 
matics for the year 1933-34: S. F. Barber, L. M. Blumenthal, R. H. Cameron, 
J. L. Doob, G. A. Hedlund, M. R. Hestenes, Ralph Hull, R. D. James, D. C. 
Lewis, Jr., E. R. Lorch, R. S. Martin, Deane Montgomery, D. S. Nathan, 
M. M. Sullivan, E. W. Titt. This list includes renewals. 


The following transfers in the Faculty of Sciences of the University of 
Paris are announced: J. Drach from the chair of analysis as applied to geometry 
to that of higher analysis, as successor to E. Goursat; G. Julia from the chair 
of differential calculus to that formerly occupied by Professor Drach; A. 
Denjoy from the chair of general mathematics to that formerly occupied by 
Professor Julia. 


A chair of mathematical physics has been created at the Collége de France, 
for the occupancy of Professor A. Einstein. 


Dr. Max Born, formerly professor of theoretical physics at Géttingen, 
has been appointed University lecturer in the faculty of mathematics at Cam- 
bridge. 


Dr. Georg Feigl has been promoted to an associate professorship of mathe- 
matics at the University of Berlin. 


Dr. C. W. Oseen, professor of mechanics and mathematical physics at the 
University of Upsala, has been appointed director of the newly established 
Nobel Institute of Physics at Stockholm. 


Professor Michael Polanyi, of the Kaiser-Wilhelm Institut fiir Physikal- 
ische Chemie, has been appointed professor of physical chemistry at the 
University of Manchester. 


Dr. L. Rosenhead, fellow of St. John’s College, Cambridge, has been ap- 
pointed professor of applied mathematics at the University of Liverpool. 


Dr. Harry Schmidt, of the University of Leipzig, has been promoted to an 
assistant professorship. 


Professor Alfred Tauber, of the University of Vienna, has retired from ac- 
tive service. 
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Dr. William Threlfall, of the Dresden Technical School, has been promoted 
to an associate professorship of mathematics. 


Dr. J. M. Whittaker, of the University of Cambridge, has been appointed 
professor of pure mathematics at the University of Liverpool. 


Dr. B. M. Wilson, of the University of Liverpool, has been appointed pro- 
fessor of mathematics at University College, Dundee, as successor to Professor 
J. E. A. Steggall, retired. 


The following German mathematicians have been appointed visiting pro- 
fessors or lecturers at American colleges or universities: Dr. Felix Bernstein, of 
Gottingen, at Columbia University; Dr. S. Bochner, of Munich, at Princeton 
University; Dr. Felix Brauer, of Kénigsberg, at the University of Kentucky; 
Dr. Hans Lewy, of Géttingen, at Brown University; Dr. Emmy Noether, of 
Gottingen, at Bryn Mawr College; Dr. Otto Szasz, of Frankfurt, at the Massa- 
chusetts Institute of Technology; Dr. Hermann Weyl, of Gottingen, at the 
Institute for Advanced Study. 


Assistant Professor M. A. Basoco, of the University of Nebraska, has been 
promoted tc an associate professorship of mathematics. 


Dr. E. G. Bill, for many years Director of Admissions and Dean of Fresh- 
men at Dartmouth College, has been made Dean of the Faculty at that institu- 
tion. Dean Bill has also recently been appointed by President Roosevelt to a 
federal commission which will effect the amalgamation of the Bureaus of 
Immigration and Naturalization. 


Dr. L. J. Briggs, head of the division of mechanics and acoustics of the 
United States Bureau of Standards, has been appointed director of that Bu- 
reau. 


Dr. L. E. Bush, of Ohio State University, has been appointed professor of 
mathematics at the College of St. Thomas, St. Paul, Minn. 


Professor L. L. Dines, of the University of Saskatchewan, has been ap- 
pointed head of the department of mathematics at the Carnegie Institute of 
Technology. 


Professor G. C. Evans, of the Rice Institute, has been appointed professor 
of mathematics at the University of California at Berkeley. He will assume his 
duties there in August, 1934. 


Assistant Professor W. H. Gage, of Victoria College, Victoria, British 
Columbia, has been appointed assistant professor of mathematics at the Uni- 
versity of British Columbia. 


Dr. J. C. Hunsaker, vice-president of the Goodyear-Zeppelin Corporation’ 
has been appointed head of the department of mechanical engineering at the 
Massachusetts Institute of Technology. 


G. B. Karelitz, manager of the marine engineering department of the 
Westinghouse Electric and Manufacturing Company, has been appointed pro- 
fessor of mechanical engineering at Columbia University. 
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Dr. L. T. Moston, of Harvard University, has been appointed to the chair 
of mathematics at Waynesburg College. 


Assistant Professor T. O. Walton, of Kalamazoo College, has been pro- 
moted to a professorship. 


The following appointments to instructorships in mathematics are an- 
nounced: 


Brooklyn College: Dr. E. H. C. Hildebrandt; 

University of Cincinnati: Dr. C. W. Mendel; 

Harvard University: Dr. W. M. Rust; 

Pennsylvania State College: Dr. H. L. Krall; 

Trinity College: Dr. M. H. Martin (National Research Fellow at Harvard Uni- 
versity). 
Dr. Franz Eisner, of the Berlin Technical School, known for his work in 

hydrodynamics, died June 16, 1933, at the age of thirty-seven. 


Dr. Leon Lichtenstein, editor of the Mathematische Zeitschrift, formerly 
professor of mathematics at the University of Leipzig, committed suicide on 
August 21, 1933. This distinguished mathematician was known for his work 
in hydrodynamics as well as in differential and integral equations. 


Paul Painlevé, distinguished mathematician, member of the French Acad- 
emy, three times premier of France, died as the result of a sudden heart at- 
tack on October 29, 1933, at the age of sixty-nine. 


Professor L. J. Rogers, formerly professor of mathematics at the University 
of Leeds, died September 12, 1933, at the age of seventy-one. 


Dr. Ernst Wélffing, formerly professor of mathematics at the Stuttgart 
Technical School, is dead. 


Dr. E. S. Crawley, professor emeritus of mathematics at the University 
of Pennsylvania, died October 18, 1933, at the age of seventy-one. Professor 
Crawley had been a member of the American Mathematical Society since 1891. 


E. W. Kopf, assistant statistician of the Metropolitan Life Insurance Com- 
pany, died August 4, 1933, at the age of forty-four. 
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ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation at 
meetings of the Society. They are numbered serially throughout 
this volume. Cross-references to them in the reports of the 
meetings will give the number of this volume, the number of 
this issue, and the serial number of the abstract. 


266. Professor T. R. Hollcroft: The web of algebraic surfaces 
with basis points. 


The web of algebraic surfaces with a basis points P; is defined by the equa- 
tion 2A;.f,=0, (k =1, 2, 3, 4), in which the f; are surfaces, each with a multiple 
point of order 7; at each of the given points P;, (¢=1, - - - , a), respectively. 
By means of the (1,1) correspondence existing between the planes of space 
and the surfaces of this web, an involution of order *— =r; is established. The 
characteristics of the branch-point and coincidence surfaces of this involution 
are obtained, and, from these, the complete system of characteristics of the 
web. (Received October 28, 1933.) 


267. Mr. Elihu Lazarus: Note to Kasner’s paper on the solar 
gravitational field.* 

If we choose a metric in a six-flat ds? =dx?+dy?+dz?+dX?+d Y?+dZ?, and 
use the transformation equations x=r sin @ cos ¢, y=r sin @ sin ¢, 2=r cos @, 
X=(1—2m/r)'? sin it, Y=(1—2m/r)"? cos it, i=(—1)"2, —256 m‘/ 
(R?+16 m?*)*]"2 dR, R=[8m(r —2m)]"/2, we get the Schwarzschild solution with 
an unessential change in sign. Z is in general hyperelliptic. But if we choose 
m =1/4 it becomes elliptic: Z = —1/(R?+1)]/dR. Substitute R = (x? —1)¥2, 
vA = (x! +x?+-1)"/2/x2 |dx. If we factor the expression x‘-++-x?-++1 and make a new 
substitution, the integral becomes of the form /{ [(1—y*)(1—k*y*) }"2/y*} dy, 
x*= —(b/a)y*. This can be integrated by parts. The final answer is Z =i(ab’)"/? 
+(sn—i(2ar/b)"2)Z’(0) ]. (Received September 26, 1933.) 


268. Dr. Abraham Sinkov: A property of cyclic substitutions 
of even degree. 


A solution is given in this paper to the following problem: Is it possible to 
set up two permutations of the same ” symbols without having at least one 
pair of these symbols separated by the same interval in both permutations? 
The answer is yes if 1 is odd; no if m is even. The second of these results leads 
to the following two theorems in abstract group theory: (1) Given any two cy- 


* American Journal of Mathematics, vol. 43, No. 2, April, 1921. 
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clic substitutions s and ¢ of degree 2m, and a number , prime to 2m, there al- 
ways exists at least one x, less than 2m, for which s*t-* is of degree less than 
2m. (2) Whenever any such x is prime to 2m, the group generated by two sub- 
stitutions s and ¢, if non-cyclic, contains invariant subgroups generated by 2m 
conjugate substitutions of degree less than 2m. (Received October 6, 1933.) 


269. Mr. Barkley Rosser: A mathematical logic without vari- 
ables. 

By combining the results of A. Church and H. B. Curry, a system of logic 
is developed. This system has the following properties. (A) The postulates 
contain no variables (as doa number of the postulates of the Principia Mathe- 
matica). (B) The undefined terms are all constants and are finite in number. 
(C) The rules of procedure do not permit of arbitrary substitutions (as would 
the rule of procedure “If X is composed of undefined terms, then X =X”’). 
(Received October 8, 1933.) 


270. Dr. R. H. Cameron (National Research Fellow): Al- 
gebraic functions of uniformly almost periodic functions. Prelim- 
inary report. 


Let fi(é), fo(t), - - - , fn(#) be uniformly almost periodic functions of the real 
variable ¢, and let ID[A), fr(t)] | for all t, where D(a, - - - , an) 
is the discriminant of 2*+a;2""!+ -- - +a,=0. It is shown in this paper that 


under the above conditions the continuous solutions of [z() [2(¢) 
+.---+-+f,(/)=0 are all uniformly almost periodic. (Received October 5, 
1933.) 


271. Dr. H. W. Raudenbush: Certain differential ideals having 
finite basis sets in a new sense. 


In this paper the terms differential ideal, differential field, and form are 
used as in the author's dissertation (Annals of Mathematics, vol. 34, pp. 509- 
517). Forms with coefficients in an arbitrary fixed differential field are consid- 
ered. A differential ideal that contains any form that has a power in the dif- 
ferential ideal is called perfect. Any set of forms determines uniquely a perfect 
differential ideal, the intersection of all perfect differertial ideals containing 
the forms of the set. Any perfect differential ideal is determined by a finite sub- 
set. A chain condition holds for perfect differential ideals. Any perfect differen- 
tial ideal is the intersection of a unique finite set of irreducible or prime perfect 
differential ideals. (Received October 7, 1933.) 


272. Dr. R. E. Basye: Simply connected sets. 


A connected set M is defined to be simply connected if for each pair of points 
A and B of M, and any relatively closed subset L of M that separates A from 
B in M, there exists a connected subset of L which separates A from B in M. 
A similar definition is given for sets which are simply connected in the weak sense. 
A connected and locally arewise connected subset M of the plane is simply con- 
nected if and only if the interior of every simple closed curve lying in M isa 
subset of M. Every compact plane continuum which does not separate the 
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plane is simply connected in the weak sense. These results and others are found 
to have a number of applications. (Received September 26, 1933.) 


273. Dr. A. B. Brown and Professor B. O. Koopman: Struc- 
ture of the Riemann multiple-space for algebroid functions. 


The authors treat the Riemann multiple-space (R. M. S.), the generaliza- 
tion to the case of m independent variables of the Riemann surface. The R. M.S. 
is proved to be a generalized manifold, and a simple geometric characteriza- 
tion of the latter is given. The locus of non-spherical points (points not having 
a neighborhood on the R. M. S. which is a 2n-cell) is proved to be of dimension 
not greater than 2n—4. That this dimension is actually attained has been 
shown by Osgood through an example, for the case »=2. The definition and 
some of the geometric results were announced in preliminary form in this Bul- 
letin, vol. 33, p. 406 (abstract entitled The Riemann multiple-space and alge- 
broid functions). (Received October 7, 1933.) 


274. Dr. E. C. Klipple: Two-dimensional spaces in which there 
exist contiguous points. 


R. L. Moore has formulated a set of axioms (A and B below, and 0, 1, and 
2 of Foundations of Point Set Theory, American Mathematical Society Collo- 
quium Publications, vol. 13) in terms of the undefined notions point, region, 
and “contiguous to.” In the present paper, Moore’s set of axioms and four 
additional axioms (analogues of Moore’s Axioms 3, 4, and 5 of the above men- 
tioned work) are used in proving a considerable number of fundamental the- 
orems of plane point set theory. A considerable portion of the paper is devoted 
to the establishment of lemmas needed in the proof of the analogue of the 
plane theorem that if each of the simple closed curves J and C encloses the 
point P, then there exists a simple closed curve Q which is a subset of J+C and 
whose interior contains P and is enclosed by both J and C. Axioms A and B 
are as follows: Axiom A. If the point P is contiguous to the point Q, then Q is 
contiguous to P, and Q and P are distinct. Axiom B. If K is a closed point set, 
and H is a point set every point of which is contiguous to at least one point of K, 
then K contains all the limit points of H. (Received October 6, 1933.) 


275. Dr. N. E. Rutt: Three theorems on frontiers. 


Suppose that the boundary of the connected plane domain y is the bounded 
continuum I. The following three theorems are proved about TI in this paper. 
If every proper subcontinuum of I is irregular, then T is indecomposable. If 
r is the limit sum of the collection [D;] of its subcontinua, where, for each 
subscript 7, D; is indecomposable and D;C D;,1, then T' is indecomposable. Let 
A be a proper subcontinuum of Tr and r—A be the sum of a collection [T.] of 
mutually exclusive sets contained in the domain 6 complementary to A any 
two points of each one of which belong to a subcontinuum of it which is non- 
compact in 4. If the limits of the series [I] of [2] include a point in some 
element of the series, then the limit sum of the series in 6 is an indecomposable 
continuum non-compact in 6. (Received September 18, 1933.) 
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276. Dr. C. W. Vickery: Spaces in which there exist uncount- 
able convergent sequences of points. 


Spaces A, similar to spaces L of Fréchet except that the convergent se- 
quences are not necessarily countable, are studied. A definition of distance ap- 
plicable to such spaces is introduced, and various theorems concerning higher- 
type separability, compactness, and other properties are proved. Certain 
analogous theorems for spaces L and D of Fréchet are special cases of such 
theorems. It is found that all spaces which satisfy the generalized metric con- 
ditions and in which all convergent sequences of points are of type greater than 
w are totally disconnected. In order to treat connected spaces a new set of 
axioms is introduced, the principal axiom of which is a modification of an 
axiom of R. L. Moore. Examples are constructed of various types of spaces 
considered in this treatment. (Received October 2, 1933.) 


277. Professor H. T. Engstrom: Existence theorems for relative 
cyclic fields. 

This paper gives a proof for the existence of an infinite number of fields 
which are cyclic and of given degree with respect to an algebraic field k and 
in which a finite number of finite or infinite prime ideals of k prime to have 
prescribed decompositions. The theorem is proved without the use of the class 
field theory. It is a generalization of a theorem of Hasse (Mathematische Zeit- 
schrift, vol. 24 (1925), p. 149), who makes use of the class field theory for his 
construction. (Received October 7, 1933.) 


278. Mr.K.S. Ghent: A note on nilpotent algebras in four untts. 


In volume 9 of the Transactions of this Society, R. B. Allen gave, without 
proof, a classification of all associative nilpotent algebras in »<4 units into 
non-equivalent and non-reciprocal classes of algebras. His results for n<3 
were later verified in the master’s thesis of A. A. Albert. The present author 
has recently re-classified nilpotent algebras in four units, and has discovered 
many errors in Allen’s classification. He has reduced Allen’s table from sixteen 
to nine classes, and gives a proof of the validity of the new table. (Received 
September 11, 1933.) 


279. Professor Oystein Ore: Contributions to the theory of 
higher congruences. 


The theory of higher congruences is treated from the point of view of the 
theory of representations, applying the results of a recent paper on p-poly- 
nomials (Transactions of this Society, July, 1933). Various new and old results 
are obtained by a unified method. New types of irreducible polynomials have 
been deduced. (Received October 5, 1933.) 


280. Professor W. V. Parker: On symmetric determinants. 

In this Bulletin, vol. 38 (1932), p. 259, the author stated and proved the 
following theorem: Jf in a real non-vanishing symmetric determinant of order 
five, the elements in the principal diagonal are all zero, and the complementary 
minors of four of these elements are also zero, then the complementary minor of the 
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remaining element is not zero. The present paper contains a new proof of this 
theorem based on certain considerations from geometry. The analogous the- 
orem for fourth-order determinants is also considered here. (Received Septem- 
ber 20, 1933.) 


281. Dr. Max Coral: A property of self-adjoint elliptic partial 
differential equations. 


Let v(x, y) be a non-vanishing solution in a region D of the elliptic self-ad- 
joint equation L(v) (a.+b,=d, +a, =e, 
ac—b?>0). If u(x, y) is of class C’ in D and if on every circle in D, fu[(av. 
+bv,)dy = then u(x, y) is of 
class C’’ in Dand L(u) =0. This theorem contains as special cases the generaliza- 
tion by Gergen and Saks of the classical Bécher-Koebe theorem on harmonic 
functions. The proof is easily made by regarding L(u) =0 as the Lagrange equa- 
tion of a double integral variation problem and applying the Haar Funda- 
mental Lemma and its converse in a form recently established by the writer. 
(Received October 6, 1933.) 


282. Professor E. L. Dodd: Means and the complete inde- 
pendence of certain of their properties. 


From the modern view-point, the mean m=f(x1, x2, - - - , Xn) of m elements, 
%1, X2, °° *, Xn, has but one condition to satisfy if f is single-valued; namely: 
f(x, x, +++, x)=x. From this it follows that f(m, m, ---, m)=f(x1, x2,° 


xn). In this felicitous form, the f is determined from the use that is to be made 
of the mean. The various generalizations that a number of writers have made 
appear to be included in the form 2[ F(m) |= Q[F(x)], where m takes the place 
of x in F(x), but not in the operator @ to be applied to F(x). This equation may 
be viewed as an extension of the First Theorem of the Mean in the integral cal- 
culus. Among the properties designated by internal, unique, homogeneous, 
translative, symmetric, increasing, monotone (increasing), associative, and con- 
tinuous, the first five properties are completely independent; also the set from 
the second to the sixth, inclusive; also certain sets of four properties including 
continuity and uniqueness. (Received September 30, 1933.) 


283. Professor G. C. Evans: The Dirichlet integral and the 
sweeping-out process. Preliminary report. 


Let m(e) be a distribution of positive mass on a bounded set, and V(M) its 
Newtonian potential at M. Necessary and sufficient conditions are obtained 
for the convergence of the Dirichlet integral D(V), in terms of the average 
approximation over spheres for V(M) and in terms of {V(M) dm(e). The inte- 
gral D is a decreasing function of the Poincaré sweeping out process, and its 
limiting value, by means of Kellogg’s lemma, is seen to be D(V), where V(M) 
is the potential of the “limiting” distribution of mass. If F is a closed, bounded, 
reduced set, and V(M) its conductor potential, then (\/ V)?=0 almost every- 
where on F; there is a single distribution of positive mass on F, in total amount 
equal to the capacity of F, whose potential has the upper bound unity. (Re- 
ceived September 22, 1933.) 
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284. Professor J. M. Thomas: A lower limit for the species of a 
Pfaffian system. 


A proof is given of the theorem that the species of a Pfaffian system is at 
least equal to one-half its rank. (Received October 3, 1933.) 


285. Professor J. L. Walsh: Note on the orthogonality of 
Tchebycheff polynomials on confocal ellipses. 

The Tchebycheff polynomials p,(z) found by orthogonalizing the set 1, 
z, 22,-+-on the segment —1<z<1 with respect to the norm function n(z) 
=|1—2*|“/? are also orthogonal with respect to the same norm function onevery 
ellipse C whose foci are +1 and —1, in the sense Sone) pn(2) Pil) |dz | =0, 
nk. (Received September 14, 1933.) 


286. Dr. Clement Winston: On the zeros of Hermite and La- 
guerre polynomials. 

In this paper we consider the zeros x;,,.(¢=1, - - - , m) of the Hermite and 
Laguerre polynomials defined by the relation [3 ¢:(x)¢m(x)p(x)dx=6m.n, 
where p(x) according as a=—~, 0 (¢2(xi,n) =O(¢=1, 

- + ,m)). Upper and lower bounds for x;,, in terms of 7 and m, and also for the 
difference x; 41. —Xi,n, are found for these polynomials. (See also a paper by the 
author, On the mechanical quadratures formulae involving the classical orthogonal 
polynomials, soon to appear in the Annals of Mathematics.) Certain asymptotic 
expressions for the zeros are obtained, e.g., for the Laguerre polynomials 
limn.c(Xn,n/(4n)) =1(1/2SaS3/2). (Received October 6, 1933.) 


287. Professor F. F. Decker: The elements of the group, I, of 
isomorphisms of the prime power abelian group, g=(P1, Po, - - -), 
of type (1,1, ---), whose periods are powers of the prime. 

The author expresses the elements of the group J mentioned in the title 
as permutations of the elements of g. The results are obtained by the application 
of relations of number theory and of recurrence formulas to the exponents of 
the P;’s occurring in the elements of J. (Received October 9, 1933.) 


288. Dr. E. J. McShane: The analytic nature of surfaces of 
least area. 

Let the equations (1) x=x(u, v), y=y(u, v), z=2(u, v), (u, v) on B, represent 
a continuous surface, the region B consisting of a Jordan curve plus its interior. 
If an open subset B; of B is such that the functions x, y, z are all constant on 
the boundary of B; but are not all constant on B,, we say that B, defines an 
excrescence on the surface. If the surface (1) has a Jordan curve for boundary 
and has a (finite) area which is the least possible among all surfaces with that 
boundary, then (1) has at most a denumerable number of maximal open sets 
B; defining excrescences, and these are simply connected. We remove these 
excrescences by giving x, y, z their constant boundary values on all of B;. Our 
principal theorém is that the surface thus defined by removing excrescences is 
a minimal surface in the sense of differential geometry. (Received October 9, 
1933.) 


—— 


1933-] ABSTRACTS OF PAPERS 867 


289. Mr. J. L. Vanderslice: Non-holonomic geometries. 


In this paper the notion of a generalized Klein space is defined through four 
sets of axioms, A, B, C, D, and the general theory is developed insofar as it is 
independent of particular geometries. According to our definition a generalized 
Klein space consists of (1) an n-dimensional manifold A, satisfying Veblen and 
Whitehead’s axioms for differential geometry (axioms A), (2) a set of isomor- 
phic classical Klein spaces B,(P), one associated with each point P of An, each 
B, being characterized by the set of axioms B and the association with A, by 
the set C, (3) a method (infinitesimal displacement) of establishing an isomor- 
phic correspondence between the B,’s at different points of A, (axioms D). 
A fundamental set of differential equations for the introduction of preferred co- 
ordinate systems in A,, is derived. When these equations are integrable the gen- 
eralized space is locally of the same classical Klein type as the associated spaces. 
The general theory is then applied to the generalization of affine, projective, 
euclidean, and non-euclidean geometry. Among other results obtained in these 
special geometries there is found in all four cases a unique system of paths in 
A, associated with an arbitrary point field. When the point field is that of the 
contact points of underlying and associated spaces, the corresponding system 
of paths plays the role of generalized straight lines. (Received October 9, 
1933.) 


290. Dr. D. C. Duncan: The completely symmetric rational 
self-dual curve of order nine. 

In this paper the equation of the completely symmetric rational self-dual 
plane curve of order nine is derived in rectangular homogeneous coordinates, 
namely, 49(x9—20x7y?+ —7xy®) —315 (x?+-y?)42 —45 (x? —21 
+:35x3y4 (x?+-y*)323 (x?+-y*)22° +5040 (x?+-y*)27 —16002° 
=0. The 7 cusps, 14 crunodes, 7 acnodes, 14 proper bitangents, 7 isolated bi- 
tangents, and 7 inflexions, all of which are real, are exhibited. The 14 collinea- 
tions and 14 correlations, of which 8 are polarities, 7 by real rectangular hyper- 
bolas, the other by an imaginary circle, under which the locus is invariant are 
listed. A sketch is appended depicting all the singular elements and the real 
polarizing conics. (Received October 9, 1933.) 


291. Dr. E. J. McShane: An existence theorem for double in- 
tegral problems of the calculus of variations. 


Let K be the class of all continuous surfaces (1) x=x(u, v), y=y(u, 2), 
2=2(u, v), (u, v) on B, having a given Jordan curve C for boundary and satis- 
fying the following conditions: (a) for almost all constant values uo of u, the 
functions x(uo, v), etc., are absolutely continuous functions of v on the seg- 
ments of the line “=o lying in B, and analogously for almost all vo; (b) the 
partial derivatives x,, etc., are summable together with their squares over B. 
We denote the jacobians of (1) by X, Y, Z. It is desired to find a surface (1) 
which minimizes an integral (2) F(s)=/f(X, Y, Z)dudv in the class K. If 
F(S) is positive quasi-regular and the boundary C is rectifiable, such a surface 
exists. If f>0 for all (X, Y, Z)#(, 0, 0), the assumption of rectifiability of C 
may be omitted, and the minimizing surface in K continues to minimize F(S) 
in a larger class than K. (Received October 9, 1933.) 
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292. Dr. E. J. McShane: Existence theorems jor ordinary prob- 
lems of the calculus of variations. 

Problems of the form (1) /F(x, y, y)dx=/F(x, y,---, 
y”’)dx = minimum are studied by the device of constructing a parametric inte- 
grand G(x, y, x’, y’) defined for x’=0, such that for curves y=y(x) with ab- 
solutely continuous y(x) the functionals {Fdx and /Gds are identical. The 
latter integral is investigated by methods appropriate to parametric problems, 
suitably modified to accord with the requirement x’=0. Semi-continuity of 
J/Gds is established, and under proper hypotheses a curve x=x(s), y=y(s), 
x’2>0, is found which minimizes /Gds. Further conditions are then sought 
which ensure that this curve can be represented in the form y= Y(x) with ab- 
solutely continuous Y(x). Almost all known existence theorems for plane prob- 
lems (1) are thus established, along with several new ones. For space problems 
the method yields decidedly stronger theorems than those in the literature. 
(Received October 9, 1933.) 


293. Dr. E. J. McShane: The DuBois-Reymond relation in 
the calculus of variations. 

Let the function y(x) minimize /f(x, y, y’)dx=/f(x, y',---, 9% 9%, 
y”’)dx in the class of all absolutely continuous functions with given end values 
¥(x1) =91, ¥(x2) =y2. It is well known that y(x) satisfies the DuBois-Reymond 
relations (the integral form of the Euler-Lagrange equations) if the derivatives 
y*’ are bounded. Under the hypothesis that there exist positive numbers 6, Mi, 
Mz for which |f.(z, 5, y’)|<Mif(x, y, whenever 
lx—#|<6 and |y‘—5*|<6, with like inequalities for the partials 4f/éy', we 
show that the DuBois-Reymond relations hold without restriction on y’. (Re- 
ceived October 9, 1933.) 


294. Dr. G. B. Price: A classification of systems of linear 
differential equations of the first order with constant coefficients in 
two variables. 

A classification of the trajectories of systems of differential equations of the 
type specified in the title of this paper is obtained by reducing the equations 
to certain normal forms by means of appropriate transformations on the de- 
pendent variables x and y. The normal forms used in the present solution are 
not the ones ordinarily used (for the standard treatment of this problem see 
Bieberbach, Differential-gleichungen, 3d edition, pp. 74-78). Three functions 
of the coefficients of the given system are found which determine completely 
the nature of the trajectories. The trajectories are of three types; fifteen sub- 
cases can be distinguished under type I, six under type II, and six under type 
III. This classification uses only the simplest analysis, and gives more com- 
plete information than the classical treatment of the problem. (Received 
October 9, 1933.) 


295. Professor A. A. Bennett: Seven postulates for euclidean 
geometry. 
In the presence of given appropriate definitions a set of seven independent 
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postulates in terms of point, order, and ratio (of segments) is shown to suffice 
for euclidean geometry of one or more dimensions. The discussion is based upon 
the systems of Veblen (Monographs on Topics of Modern Mathematics) and 
that of H. G. Forder (The Foundations of Euclidean Geometry, Cambridge, 
1927). (Received September 20, 1933.) 


296. Professor B. H. Brown: Equiareal maps with conic me- 
ridians and parallels. 


In this paper a complete classification is given of the area-preserving trans- 
formations in the plane which carry the rectilinear coordinate lines into a 
system of straight lines or conics. The classification used permits every trans- 
formation to be given as one of sixteen types, but in these types many cases 
special algebraically are limiting geometrically, so that the number of distinct 
geometric types is very much larger. When extended to the mapping of the 
meridians and parallels of a sphere-on a plane, the six known conic projections, 
—the Lambert cylindrical, the Collignon, the Deetz and Adams parabolic, the 
Mollweide, the Lambert conical, and the Albers,—appear as very special 
cases. Many of the new types seem well adapted for cartographic use. (Re- 
ceived September 26, 1933.) 


297. Professor J. M. Thomas: An existence theorem for gener- 
alized pfaffian systems. 


Cartan’s existence theorem for a pfaffian system is extended to systems 
whose left members are symbolic differential forms of arbitrary degrees. A 
necessary and sufficient condition for the existence of a non-singular integral 
variety on which a given set of variables are independent is also obtained in 
a form which is new even in the linear case. (Received October 20, 1933.) 


298. Professor D. F. Gunder: The flexure problem for rectan- 
gular beams with slits. 


Experimental and approximate theoretical studies, made at the United 
States Forest Products Laboratory, Madison, Wisconsin, show that the mean 
shearing stress in the neutral plane of a rectangular beam with symmetrical 
horizontal slits or checks extending along its lateral faces is less than that given 
by the usual engineering formulas; that is, there is a definite “two beam” action 
which relieves the shearing stress in the portion of the beam weakened by the 
slits. This paper presents an exact solution of the flexure problem for a beam 
of such section and confirms the main features of the distribution of shearing 
stress found in the earlier investigation. The solution of the flexure problem 
requires the solution of Laplace’s equation within the plane region coincident 
with a cross-section of the beam, subject to certain conditions along its bound- 
ary. This solution is obtained by using the Schwartz-Christoffel transformation 
of a polygon onto a half-plane and solving the transformed boundary value 
problem. The exact solution is set up as an infinite series. To simplify the cal- 
culations an approximate solution is also obtained which is used in treating 
a numerical example. (Received October 16, 1933.) 
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299. Professor A. A. Albert: On certain imprimitive fields of 
degree p* over P of characteristic p. 

E. Artin and O. Schreier have determined all cyclic fields of degree p, p* 
over P of characteristic p. Their latter case is but a part of the more general 
problem of determining all imprimitive fields P(x) >P(u)>P where P(x) is 
cyclic of degree p over P(u) which is cyclic of degree p over P. This problem is 
solved and the results for the special case, important for a discussion of normal 
division algebras of degree four over P, are obtained. (Received October 11, 
1933.) 


300. Professor A. A. Albert: A determination of all normal 
division algebras of degree 4 over F of characteristic 2. 


In this paper the author determines all normal division algebras of degree 
four over F of characteristic two. The results are quite different from the non- 
modular case in that every non-primary algebra is cyclic. It is shown that all 
algebras are crossed products, as in the non-modular case, and that a necessary 
and sufficient condition that D be cyclic is that it shall contain an inseparable 
quadratic sub-field. For crossed products defined by a quartic field with non- 
cyclic regular group it is shown that the above condition is equivalent to the 
property that D is non-cyclic if and only if a certain quadratic form is not a 
zero form. (Received October 11, 1933.) 


301. Professor Arnold Emch: Some remarkable sextic space 
curves. 


Among the space sextic curves of genus four are those which have the 
peculiarity to lie on elliptic cubic cones. A sextic of this sort has been investi- 
gated by the author some years ago (American Journal of Mathematics, vol. 
45 (1923), pp. 192-207). It is the sextic intersections of a symmetric quadric 
and a symmetric cubic surface in S3, invariant under the Gy. It is on six cubic 
cones whose vertices are the intersections of the sides of a quadrilateral. In 
this paper a sextic is considered which is invariant under a Gy isomorphic 
with the symmetric group on five variables. It lies on 10 cubic cones and is 
remarkable on account of the fact that its 120 tritangent-planes can be con- 
structed, based upon the geometric properties of the group. The other possi- 
bilities considered are sextics on one, two, and three cubic cones respectively. 
They all have their peculiar projective properties. (Received October 20, 1933.) 


302. Professor A. A. Albert: Normal division algebras over a 
modular field. 


Many of the recent papers written in Germany on normal division algebras 
D over F have been written on the assumption that F is a perfect field. The only 
possible reason for this assumption is in case F has characteristic p, D has de- 
gree n divisible by ~, so that D can possibly contain inseparable sub-fields. It 
is shown here that if F isa perfect modular field of characteristic p then n is not 
divisible by , so that the assumption that F is perfect is entirely too strong. 
The author also determines all normal division algebras of degree two over F 
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of characteristics two, all of degree three over F of characteristic three, F not 
a perfect field. (Received October 11, 1933.) 


303. Professor H. A. Simmons: The first and second variations 
of an n-tuple integral in the case of variable limits. 


In this paper are generalized, except in one detail, all of the results which 
were obtained relative to a double integral in a previous article (Transactions 
of this Society, April, 1926). By generalizing the equations of Rodriguez (Eisen- 
hart’s Differential Geometry, p. 122) the author has been able to replace the 
curvature of a curve of the previous article by (n—1) curvatures of a hyper- 
surface, and has thus obtained a simple expansion of a functional determinant 
of the mth order which appears in the integrands of the fundamental integrals 
I’, I’’. In the final section of this paper are mentioned further possibilities of 
this method of procedure, which was originally suggested by Professor G. A. 
Bliss, with whom the former paper was written. (Received March 18, 1933.) 


304. Mr. L. B. Robinson: On equations in mixed differences. 
Part V. 


Hadamard has written that the calculus of variations is the first chapter 
of the functional calculus. Perhaps we can make a similar remark for equations 
in mixed differences. For consider the equation u’(x)=)./1A«(x) u(asx+0,) 
+B(x). The A and B have a pole at x=a. If certain inequalities are satisfied, 
the above equation has a solution which depends on one parameter. This solu- 
tion divides into two parts. The first is a finite series, where each term is a re- 
peated integral of a function uniform with the exception of certain logarith- 
mic singular points. It is very similar to a “fonctionnelle de Gateaux.” We can 
demonstrate the convergence of the second part with the aid of a determinant 
of infinite order studied by the author (this Bulletin, vol. 39, p. 356). So we 
establish a lien with the functional calculus. (Received October 24, 1933.) 


305. Mr. Garrett Birkhoff: The order of groups of automor- 
phisms. 

Let G be any group, and g its order. There exists just one elementary group 
of order g, the order of the group of whose automorphisms may be denoted by 
¢(g). We prove that if » denotes the number of distinct primes dividing g, 
then the number a of the distinct automorphisms of G divides g’"!¢(g). In 
particular, if G is hypercentral, then a divides ¢(g). (Received October 18, 
1933.) 


306. Professor Lennie P. Copeland: On the theory of invariants 
of n-planes. 

The purpose of this paper is to construct the elements of the formal theory 
of invariants of factorable, quaternary quantics representing polyhedrons or 
n-planes. This theory is based on the extension of the theory of annihilators 
by means of symmetric functions. A necessary and sufficient condition is found 
that any function of the roots having a certain set of annihilators is a function 
of the determinants of the fourth order that can be formed from any four fac- 
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tors of the m-plane. A quaternary root-difference is defined, and the theorem 
proved that any homogeneous function of the root-differences of a quaternary 
n-plane, which is such that in all products of differences of which it consists 
every “root” is involved in the same number of factors, is an invariant of the 
form. Several special complete systems of invariants and contravariants are 
obtained and their geometry is studied. (Received November 1, 1933.) 


307. Dr. J. L. Doob (National Research Fellow) and Profes- 
sor B. O. Koopman: The resolvent of a self-adjoint transforma- 
tion. 


An integral representation is found for a function ¢(/) which is analytic 
in the upper half of the complex /-plane, which has a not negative imaginary 
part there, and which satisfies the inequality lim sup;... | [¢(#)] | < © (where 
t>0 and where $(£) represents the imaginary part of the complex number £). 
This is applied as follows. Let T be a self-adjoint transformation defined in 
abstract Hilbert space $. Then if J represents the identical transformation, 
T-—II has a unique inverse when {(/) #0, which is a bounded linear trans- 
formation, defined at every element of . If f, g are arbitrary elements of 5, 
(Rif, g) is defined when $(/) ¥0 and is analytic in the lower and upper half 
l-planes, satisfying the inequality |(R:f, g)|< |f| - |g|/S9@ there. Moreover 
(Rif, f) has the same sign as $(J). The result described above can then be 
applied to find an integral representation of (Rif, f), which is extended easily 
to one of (R:f, g) for arbitrary elements f, g of S. This is then shown to be the 
well known integral representation of the resolvent of a self-adjoint transforma- 
tion, and the paper thus gives a simple method of obtaining this representation. 
(Received November 4, 1933.) 


308. Dr. Ralph Hull (National Research Fellow): A deter- 
mination of all cyclotomic quintic fields. 


Let m=q-~- +n, where the g’s are distinct and have values chosen 
from all primes of the form 5h+1 and the integer 25. Then the equations 
x?+25y?+252?+125w?=16m, y?+yz—<?=xw have exactly 8.4" sets of 
integral solutions. Let c@=10m, cz=5xm, 
cs= {| (x?—625wyz)/8 —xm} m, for an integral solution of these equations. Then 
every cyclotomic quintic field contains an element @ satisfying t*—cl*—c,f 
—c—cs=0. For fixed m, x, y, z, and w, let R(0)=R(m; x,---, w). Then 
R(m; x,- ++, w)=R(m; m, if and only if m=m and (m, - ++, wm) 
is one of the 8 solutions of the above equations obtained from (x, ---, w) 
by changes of sign and interchanges of v and z. The solution in radicals of the 
quintic in ¢ is also given. These results are obtained by means of Weber’s 
general discussion of cyclotomic fields (Algebra, vol. II, §§19-28) and Hull’s 
discussion of the number of solutions of congruences (Transactions of this 
Society, vol. 34 (1932), pp. 908-937). (Received November 1, 1933.) 


309. Mr. P. M. Hummel: On continued fractions of order n. 


The extension of the theory of ordinary continued fractions to a continued 
fraction theory of order three or higher was first considered by Jacobi. Since 
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then, much has been written on ternary continued fractions, the most recent 
authors being D. N. Lehmer and P. H. Daus. The purpose of this paper is to 
introduce a new development of continued fractions which is equally effective 
when applied to continued fractions of any order. This development is effected 
through the use of matrices with rational integral elements of the same order 
as the order of the continued fraction. This is not to be confused with the work 
of Whittaker and Turnbull in which they associate matrices of infinite order 
with binary continued fractions. In this paper many of the fundamental 
theorems of binary continued fractions are proved with ease for continued 
fractions of order n. It is proved that if the partial quotients of an n-ary con- 
tinued fraction are bounded, the convergents converge to the given numbers. 
It is further proved that every periodic n-ary continued fraction expansion 
converges to n—1 algebraic numbers belonging to the same algebraic field 
of degree less than or equal to n. (Received November 3, 1933.) 


310. Mr. Walter Leighton and Professor H. S. Wall: On the 
transformation and convergence of continued fractions. 

Let An=andn—Bnyn, (n=0, 1,2, - - - ), be (an, Yn—1, 5n-1) ¥0, where 
(Pn, Qn; Sn—1) =Pn —S$n—102n) (fn—1d2n41 +r, n—1X2nX2n+1 — Sn—1d2nXen +)3 
aot+Box1 = 1 64 = =(). Then if dn ~0, bon (an, Bn 6n-1)/ 
An-1, = Ba; Yn-1, 6n-1), Jon = (an, Bu; Qn-1, Bn—1)/An—1, 
Yans1=(Yny Yn—t, Yn—1, and An An1/B,"are the nth 
convergentsof £ =x0+ [an/xn =¥o+[bn/yn |”, respectively, the following rela- 
tions hold: Sen? = Son417=YnSon bn Sen41 (n =0, 
where “S” stands for “A” or “B/” The authors employ this transformation in 
conjunction with known convergence criteria applied to 7 to obtain new criteria 
for The simple case ao =59=1, Bo=yo=0, an=5n=0, Br=yn=1, (n=1, 2, 
3,-++), yields the following theorem: 1+[hnx/1]”, where 4,0 is a real or 
complex number, converges to a function with polar singularities only in every 
bounded region exterior to x=0 if limn.., honyi=0, |/on|= 0. (Received 
October 12, 1933.) 


311. Dr. S. B. Myers: On n-dimensional differential geometry 
in the small and in the large. 


The problem considered here is that of obtaining relations between the local 
Riemannian geometry of an n-dimensional analytic Riemannian manifold and 
the topological properties of the manifold in the large. What topological prop- 
erties of an analytic manifold can be deduced from a knowledge of the local 
Riemannian geometry in the neighborhood of just one of its points? Theorems 
giving partial answers to this question and similar questions are stated and 
proved here. A fundamental uniqueness theorem is that two simply connected 
“complete” analytic Riemannian manifolds which are continuations of the 
same local Riemannian element are isometric. Most of the results given here 
are generalizations to m dimensions of the corresponding theorems for surfaces 
given by H. Hopf, W. Rinow, and others. (Received November 2, 1933.) 


312. Mr. J. F. Randolph: Concerning measure and linear 
density properties of point sets. Preliminary report. 
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In the Lebesgue theory of measure the fact that the inner measure of a 
point set is the upper limit of the measure of its closed components plays a 
central role. It has not been proved that the corresponding theorem follows 
from Carathéodory’s five measure axioms. In the first part of the present note 
it is shown that a specialization of Carathéodory’s fifth axiom makes the proof 
of this corresponding theorem possible. By this specialization none of the re- 
sults derived by Carathéodory from his five axioms are lost. Furthermore, 
linear measure for point sets in n-dimensional space as defined by Carathéodory 
satisfies the modified as well as the original axioms. In the second part of the 
note the upper and lower Carathéodory linear density functions are shown to 
be Carathéodory linear measurable. From this fact some of the results of R. L. 
Jeffery (Transactions of this Society, vol. 35 (1933), pp. 629-647) follow di- 
rectly. (Received October 10, 1933.) 


313. Professor W. C. Risselman: On approximation to the solu- 
tion of a normal system of ordinary linear differential equations. 

This paper is concerned with problems of approximation on a given finite 
interval to the solution of the system of equations dx;/dt=0j:(t)x1+ --- 
+0im(t)Xm, i=1, - - , m. Sets of polynomials - - , Pmn,,(é) 
satisfying certain least mth power criteria are used to make the approximation. 
Under suitable hypotheses, questions of existence, uniqueness, and convergence 
are discussed. (Received November 2, 1933.) 


314. Dr. W. J. Trjitzinsky: Analytic theory of linear differ- 
ential equations. 

In this paper, which will appear in the Acta Mathematica, the analytic 
theory of linear differential equations is completely developed for the unre- 
stricted case of the roots of the characteristic equation and from the point of 
view of the asymptotic properties. (Received October 30, 1933.) 


315. Dr. W. J. Trjitzinsky: The general case of linear integro- 
differential equations. 

Existence of analytic solutions of the equation L(y) = V(y) is established. 
V and L are operators of the Volterra and differential types, respectively. The 
treatment is for the unrestricted case of the roots of the characteristic equa- 
tion, and is based on the author’s theory of equations L(y) =0. (Received 
October 30, 1933.) 


316. Dr. Hassler Whitney: Functions differentiable on the 
boundaries of regions. 

A region R on n-space has the property A if there is a number w with the 
following property. Given any two points x and x’ of R whose distance apart is 
r, there is a curve in R joining them of length L Swr. We have the following 
theorem: If R has the property A, - - 
= in R, and ¢é,...s, is continuous in R=R plus boun- 
dary, (i+ -- + +in=m), then f is “of class C™” in R in that its definition can 
be extended throughout m-space so that it will have continuous partial deriv- 
atives there. (Received November 4, 1933.) 


— 
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317. Dr. Hassler Whitney: Derivatives, difference quotients, 
and Taylor's formula. I1. 


Let f(x, - - + , Xn) be continuous in the region R. A necessary and sufficient 
condition is obtained that (64+***t+in/éx4 +--+ Sxn'n)f(x1,--+, xn) exist and 
equal °°, %n) uniformly as 4-0, where 


Xn+k,h)/hit***+in, The ¢’s are then continuous. This extends to m dimen- 
sions a previous result of the author. (See this Bulletin, abstract No. 39-7219.) 
We may also employ Taylor’s formula in finite form. (Received November 4, 
1933.) 


318. Dr. G. T. Whyburn: Cyclic elements of higher orders. 


A non-degenerate maximal subset X of a compact metric space M such 
that every set separating X carries an essential complete r-cycle will be called 
an rth-order cyclic element of M and will be denoted by £,. In this paper a 
study is made of the structure of such sets M in R” with respect to the sets E,, 
and results are obtained which are analogous to the known results concerning 
the cyclic elements of a locally connected continuum, to which the sets E, 
reduce in case M is connected and locally connected and r=0. Concern- 
ing connectivity (Betti) numbers p(X), it is shown that p"(M)=)_p(E,-1) 
the summation being extended over all sets EZ, in M. Properties of #,-sums 
are developed which are analogous to those of the A-sets in locally connected 
continua. A number of £,-extensible and reducible properties are proved, 
among them being a 7’-local connectivity property and an hereditary y’-local 
connectivity property, paralleling similar known cyclicly extensible and re- 
ducible properties in the case mentioned above. (Received October 30, 1933.) 


319. Professor R. L. Wilder: A characterization and generali- 
zation, by internal properties alone, of those open subsets of Es 
whose boundaries are manifolds. 


An open subset D of E, is called i-dimensional uniformly locally connected 
if for each e>O there exists a 6>0 such that an i-cycle of D of diameter less 
- than 6 bounds an (i+1)-chain of D of diameter less than e. It is shown that 
in order that a bounded, connected, open subset D of E; should have a closed 
manifold for boundary, it is necessary and sufficient that the Betti number 
p?(D) =0 and that D be 7-dimensional! uniformly locally connected for 7=0, 1. 
In particular, if it be required in addition that p1(D)=0, the boundary is a 
2-sphere. This theorem is the 3-space analogue of the characterization of plane 
Jordan regions due to R. L. Moore (Proceedings of the National Academy 
of Sciences, vol. 4 (1918), pp. 364-370). An analogous theorem is established 
for the most general (bounded) open subset of E; that is i-dimensional uni- 
formly locally connected (i=0, 1), it being shown that the boundary in this 
case has, among others, the property that almost all its components are either 
points or 2-spheres; furthermore, there exists a duality between the 1-cycles 
of the interior and exterior of such a set. (Received November 2, 1933.) 
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320. Mr. W.C. Mitchell: Borel-Sannia summability for double 
series. 

Writing (x, y) where i120, 720, and 
(é, 7=0, 0 - - (=0 for or n<0), we say that 
is summable (B, 7, s), (r and s any integers), providing lim (x, y)=S. A 
series 1s so summable (r, s20) when the curtailed rows, columns, and double 
series resulting from the removal of the terms of the sum S,_;,s-1 are all sum- 
mable by the Borel integral. The validity of certain operations with summable 
series follows immediately. The definition is consistent when Ys. con- 
verges, diverges to +, diverges to — ©, provided we have respectively 
te | <C, Sn.n>—C, Snn<C, for all m and n, where C is a positive constant. 
If a series is summable (B, r, s) and the first r—1 rows are summable (B, s), 
and in addition y)—>#(y) uniformly as x ~, and &(y)—>S as y— ~, then 
it is summable (B, r—1, s). Analogous assumptions imply summability 
(B, r, s—1). (Received November 6, 1933.) 


321. Professor J. J. L. Hinrichsen: Note on potential theory in 
n-space. 

In this note the elegant elementary methods developed by E. Schmidt 
(Bemerkung zur Potential-theorie, pp. 364-383 of Mathematische Abhand- 
lungen H. A. Schwarz gewidmet, Berlin, 1914) and applied by him to New- 
tonian potentials are extended to obtain the properties near the acting masses 
of the integrals defining the potentials of simple surface, double surface, and 
volume distributions in n-space. (Received October 24, 1933.) 


322. Miss Marjorie Leffler: A lemma in potential theory. Pre- 
liminary report. 

The following lemma with the sketch of its proof has been communicated 
orally to the author by Professor Tibor Radé. Lemma: If g(x, y) isa continuous 
real function with continuous first partials, given on the interior of the unit 
circle and such that at every point therein (g2 +g?)/?<1/6!- where 4 is 
the shortest distance from the point to the boundary, and is a constant, 
0<)<1, then if P; and P, are any two points on the interior of the circle it 
follows that |g(P;:) —g(P2) | <K-P,—P,* where K is a finite constant depend- 
ing only on X. The first object of this paper is to investigate the constant K. 
The second object is to simplify, by means of this lemma, the method of suc- 
cessive approximations for partial differential equations of the elliptic type as 
developed by Korn and others, and to apply the lemma to diverse problems in 
potential theory. (Received November 1, 1933.) 


323. Professor J. H. Roberts: On a problem of Knaster and 
Zarankiewicz. 

In 1926 Knaster and Zarankiewicz proposed the following problem (Funda- 
menta Mathematicae, vol. 8, problem 42): “Does every continuum A contain a 
subcontinuum B such that A —B is connected?” Knaster has since shown, by 
an example in 3-space, that the answer is in the negative. The following ques- 
tion remains: “Does every plane continuum A contain a subcontinuum B such 
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that A —B is connected?” In the present paper it is shown by an example that 
the answer to this question also is in the negative. (Received November 3, 
1933.) 


324. Professor F. M. Weida: On measures of contingency. Pre- 
liminary report. 

In his theory of contingency, Pearson (On the correlation of characters not 
quantitatively measurable, Philosophical Transactions of the Royal Society, A, 
vol. 195, pp 1-47) appears to use the definition of probability used in prac- 
tically all treatises on the subject. This definition excludes the whole field 
of statistical probability. It seems fairly obvious that the development of sta- 
tistical concepts is approached more naturally from a limit definition for 
probability than from the familiar definitions suggested by games of chance. 
It is the purpose of this paper to improve the treatment of Pearson’s theory of 
contingency and make it more elegant for theoretical as well as empirical dis- 
cussions. To accomplish this, use is made of the notion of characteristic func- 
tion and a definition of probability that it is believed includes all forms of 
probability. It is believed that Pearson’s conception of contingency has thus 
been idealized. Multiple as well as partial contingency is discussed. The au- 
thor also considers briefly the case of certain dependent events and the con- 
cept of exclusiveness. (Received November 2, 1933.) 


325. Dr. A. F. Moursund: On the Nevanlinna and Bosanquet- 
Linfoot summation methods. 


In Part I of the paper we show that for p=0, 1, 2,---, and (i) a=, 
B>1, (i) p<a<p+t, or (iii) a= p+1, 8B <0, the second form of the Bosanquet- 
Linfoot (a, 8) summation method (Journal of the London Mathematical So- 
ciety, vol. 6 (1931), pp. 117-126; Quarterly Journal of Mathematics, Oxford 
Series, vol. 2, (1931), pp. 207-229) can be obtained from our Ng, method 
(Annals of Mathematics (2), vol. 33 (1932), pp. 773-784; vol. 34 (1933), pp. 
772-792) by specialization of the kernel g,(#); and point out that some of the 
theorems given by Bosanquet and Linfoot concerning summability of Fourier 
series and all of the theorems of Smith (Quarterly Journal of Mathematics, 
Oxford Series, vol. 4 (1933), pp. 93-106) follow from our corresponding N,, 
method theorems. In Part II we set up, by modifying the N,, method, a more 
general summation method (the N., method) and obtain for the meihod all 
results concerning Fourier series given in our papers referred to above for the 
N,, method. (Received October 27, 1933.) 


326. Professor P. H. Daus: Ternary continued fractions in a 
cubic field. 


In previous papers the author has considered periodic ternary continued 
fraction expansions for cubic irrationalities in a ring Jt(1, 0, 62), where @ is a 
root of the irreducible cubic **++-px?+gx-+r=0. This paper is concerned with 
the analogous expansion in the cubic field (6), with minimal basis (1, «1, w2). 
These periodic expansions lack the skew-palindromic relations previously dis- 
cussed, but the expansion for 1: «;: we is closely related to that for the direction 
cosines of the asymptotic line of the surface N(x+wry+wz)=m. Omitting 
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the non-periodic partial quotient elements f:, g:, $2, and the two terminal 
partial quotient sets, the remaining ~’s and q’s of one expansion are the p’s 
and q’s of the other in reverse order. In the case of a ring, previously discussed, 
the basis and the direction cosines lead to the same periodic elements. (Re- 
ceived October 30, 1933.) 


327. Professor P. H. Daus: Ternary continued fractions for 
cubic units. 


When periodic expansions have been found, units in the given ring or field 
are directly determined by the convergent sets, but the fundamental unit does 
not always appear. This happens when considering an equation which defines 
a fundamental unit ¢, |e] >1. By considering the cubic equation which defines 
n= +1/e, (0<7<1), we obtain a periodic ternary continued fraction expansion 
whose convergents give all powers of ¢ in term of 7. This is of use in determining 
all units a+57 in the given field, which is done by finding those €*, obtained 
from convergent sets of a special type. In case the discriminant is positive, we 
obtain such an expansion corresponding to each of the three roots. (Received 
October 30, 1933.) 


328. Professor D. N. Lehmer: A census of squares of order 4, 
magic in the rows, columns, and diagonals. 

This is an enumeration of magic squares of order 4, magic in the rows, col- 
umns, and diagonals. Frenicle’s results are checked by a method which does 
not depend on intricate diagrams but only on diophantine analysis. Certain 
automorphic transformations of these squares are used which Frenicle seems 
to have been unaware of. (Received October 30, 1933.) 


329. Professor W. M. Whyburn: Matrix differential systems. 


This paper is concerned with linear differential systems of the type 
dY/(dx) s(x) YB;(x) = R(x), where Y, A;, B;, and Rare square matrices 
of m rows. Relations are established between this system and certain differ- 
ential systems of the form dU/(dx)+Q(x) U=S(x), where the square matrices 
involved are matric *s of m*? rows. The adjoint system of differential equations 
is set up and a number of relations between the solutions of this sytem and 
those of the given system (in the case R(x) =0, the zero matrix) are exhibited. 
The results of the paper are applied in a study of non-linear, Riccati type, 
differential systems of the form dV/(dx)+VV=R(x), where V and R are 
square matrices. Results established by Sylvester, Wedderburn, Cayley, Hitch- 
cock, and others for algebraic analogues of the above equation are used in the 
present study. (Received October 30, 1933.) 


330. Professor Clifford Bell: On the properties of a determinant 
function. 


The functions H;(t)=f,(#)f2 are studied and are found to have 
useful applications in determining certain singularities of curves whose para- 
metric equations, in homogeneous coordinates, are :fo(t) :fs(2). 
Special attention is given to the case where f,(é), f(t), fs(#) are rational and 
algebraic, for which the deficiency of the curve is zero. (Received October 31, 
1933.) 
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331. Professor Clifford Bell: Interpolation in the mathematics 
of finance. 


In an article in the American Mathematical Monthly, vol. 36 (1929), pp. 
379-382, W. L. Hart has shown that the results of linear interpolation for the 
time from the compound interest, present value of an annuity, and amount 
of an annuity tables may be interpreted in such a way that the results are use- 
ful. This note is concerned with similar interpolations from the bond, the pres- 
ent value, the 1/az, and the 1/Sz tables. The results are shown to have prac- 
tical value as well as theoretical interest. (Received October 31, 1933.) 


332. Professor A. D. Michal: A set of postulates for “Rieman- 
nian” differential geometry in abstract vector spaces. 


This paper deals with a set of postulates for an abstract Riemannian space. 
The topological bearer of this space is taken to be an abstract linear vector 
space S(A) (essentially Fréchet’s espace vectoriel D) closed under multiplication 
by numbers of A, the real or complex system. On this bearer is superimposed 
a structure consisting of a set of associated abstract linear vector spaces and 
certain interspace functional transformations. In particular there is postulated 
a real numerically valued quadratic differential form with Fréchet differentia- 
bility properties in certain topological subspaces of S(A). For an alternative 
set of postulates, analyticity properties are introduced in the place of mere 
differentiability ones. The theory of such a space is termed an abstract Rieman- 
nian differential geometry. A considerable part of certain functional differ- 
ential geometries studied by the author during the last seven years can be 
brought under the above abstract theory in tne form of special instances. (Re- 
ceived November 1, 1933.) 


333. Professor A. D. Michal: A theory of parallel displacement 
and curvature for “Riemannian” differential geometry in abstract 
vector spaces. 


The immediate consequences of a postulate system for an abstract Rieman- 
nian differential geometry were given by the author in another paper (see ab- 
stract 39-11-332). In the present paper the writer develops a theory of parallel 
displacement of an abstract vector field along a curve in the topological bearer 
of the geometry. The theory of two abstract objects, the correspondents of the 
Riemann-Christoffel curvature tensor and the Ricci tensor in classical Rieman- 
nian differential geometry, is developed systematically. Abstract Riemannian 
spaces of constant Riemannian curvature are then considered briefly. (Re- 
ceived November 2, 1933.) 


334. Professor A. D. Michal: Existence theorems for analytic 
solutions of ordinary, certain partial, and total differential equa- 
tions in abstract vector spaces. Preliminary report. 


In this paper the author discusses the existence theorems for analytic solu- 
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tions (1) of ordinary equations dy/dt=f(y, t), where f(y, t) is analytic on the 
vector space E(A)A to E(A); (2) of completely integrable Pfaffian equations 
dy(x) =f(y, x, dx), where f(y, x, dx) is a function on E2(A)(E,(A))? to E2(A) 
and linear in dx; (3) of certain partial differential equations. The A above de- 
notes the real or complex number system normed with the ordinary modulus. 
(Received November 2, 1933.) 


335. Professor A. D. Michal: Analytical and geometrical in- 
vestigations in normed linear algebras with a finite or denumerably 
infinite basis. Preliminary report. 


In this paper the author makes a study of normed linear abstract vector 
spaces with a finite or denumerably infinite basis. In particular, normed linear 
algebras with a finite or denumerably infinite basis are considered. Previous 
results of the author on abstract function theory and abstract differential 
geometry are here applied. Some recent function theoretic results of N. Spam- 
pinato and F. Ringleb in normed linear algebras with a finite basis are also 
used. (Received November 2, 1933.) 


336. Professor A. D. Michal: Abstract dynamical systems and 
contact transformations. Preliminary report. 


A set of postulates is given for Lagrangean and Hamiltonian systems in ab- 
stract vector spaces. Various analytic and geometric results obtained by the 
author in previous papers are here used. Kerner-Graves integration theory in 
vector spaces plays a role in the abstract variational principles. (Received 
November 2, 1933.) 


337. Professor A. D. Michael: Linear connections and non- 
Riemannian differential geometry in abstract vector spaces. 


The methods developed by the author for abstract Riemannian geometries 
in abstract vector spaces are here extended to a theory of non-Riemannian 
spaces in abstract spaces. The author discusses the theory of parallel displace- 
ment and curvature arising from the consideration of one or several abstract 
linear connections. (Received November 2, 1933.) 


338. Professor A. D. Michal: An definitions of abstract poly- 
nomials and analytic functions in abstract vector spaces. 


In 1929, M. Fréchet initiated the study of abstract polynomials in certain 
general abstract vector spaces. A more satisfactory theory for triangularly 
normed abstract vector spaces was more recently developed by members, not- 
ably by R. S. Martin, of the author’s mathematical seminars at the California 
Institute. This led to a theory of abstract analytic functions. The present paper 
gives new definitions of abstract polynomials and analytic functions and brings 
the subject closer to the classical theory. (Received November 2, 1933.) 


= 
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339. Professor A. D. Michal: A critique of the postulate sys- 
tems for abstract vector spaces and abstract Hilbert space. 


This note gives a careful ennumeration of the postulate systems for normed 
linear abstract vector spaces, and in particular for abstract Hilbert spaces 
(real or complex). The postulates for more general abstract spaces are then dis- 
cussed. In some of the generalizations the number system is taken to be a 
normed topological field. (Received November 2, 1933.) 


340. Professor Harry Bateman: A partial differential equa- 
tion connected with the functions of the parabolic cylinder. 


A harmonic partial differential equation with particular solutions of type 
H,,.(x)Hn-m(y) when 2 is a positive integer possesses also a solution of type 
H,,(x cos a+y sin a) where a@ is a constant and H,(z) isthe Hermite polynomial 
of order ; it can thus be used to obtained an expansion of this function. The 
corresponding case in which z is not an integer leads to some properties of the 
functions of the parabolic cylinder. These and some further properties of the 
functions in question are obtained partly with the aid of definite integrals. 
(Received November 2, 1933.) 


341. Professor E. T. Bell: Exponential polynomials. 


Three types of polynomials are generated from exponential functions as 
follows: exp (xt’)={n(x, t; r) exp (xt), (r integer>0); exp (f(#))=exp 
- - + +--+; exp exp (f(f)) 
+--+ ; where x isa non-negative integer. If r >2, the ¢ satisfy no linear differ- 
ential equation with polynomial coefficients in x and ¢ which is of order inde- 
pendent of n. For r=2, the polynomials are Hermite polynomials. From the & 
is generated a set of functions orthogonal in the interval — © to +. The 
polynomials ¢ generalize the Appell polynomials; they include the é as a special 
case. These polynomials have numerous interesting arithmetical properties. 
TheW generalize Appell polynomials in another direction. When r>1 the pro- 
cedure by which Appell polynomials are linked with linear differential equa- 
tions is not applicable, so that here new methods are devised. The existence of 
solutions of the equations follows from arithmetical considerations, and the 
form of the equations is determined by the integer r. When r=1 (Appell’s 
case) all the special features disappear or become trivial. (Received November 
2, 1933.) 


342. Professor Glenn James: On the second case of Fermat's 
last theorem. 


In a previous paper, to appear in the American Mathematical Monthly, 
the writer has determined for the “First Case” certain lower limits for the para- 
meters entering in Fermat’s equation, x"+-y"=2". The present paper extends 
this work to the “Second Case.” Among the results obtained is the fact that 
the least of x, 3, 2 exceeds n"~?, and that the difference of the two largest ex- 
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ceeds 2”. The latter result removes the difficulties that have heretofore been 
met in proving that x, y, 2 are composite. (Received November 2, 1933.) 


343. Professor W. F. Osgood. On certain methods in dynamics. 


The integral /(>-,p,4g,—Hat), taken over a closed path, is known to be 
a relation integral invariant of a Hamiltonian system. The paper treats the 
inverse problem:—Let the above integral be a relative integral invariant; to 
determine when the system will be Hamiltonian. (Received November 4, 1933.) 
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BAKER (W. M.). Analytical geometry of the straight line. London, Bell, 1933. 
68 pp. 

Brink (R. W:). College algebra. New York, Century, and London, Appleton, 
1933. 17+445 pp. 

Browne (E. T.). See Lastey (J. W.). 
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FRENZEN (E.). Das asymptotische Verhalten einiger Eulerschen Produkte. 
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1933. 58 pp. 
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192 pp. 
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Berlin, Springer, 1933.6+-77 pp. 

KLEIN (F.). Elementarmathematik vom héheren Standpunkte aus. 4te Auf- 
lage. Band 1: Arithmetik, Algebra, Analysis. (Die Grundlehren der mathe- 
matischen Wissenschaften, Band 14.) Berlin, Springer, 1933. 309 pp. 

Ko tmocororF (A.). Grundbegriffe der Wahrscheinlichkeitsrechnung. (Ergeb- 
nisse der Mathematik und ihrer Grenzgebiete, Band 2, Heft 3.) Berlin, 
Springer, 1933. 6+62 pp. 

KopPELMANN (W.). Logik als Lehre vom wissenschaftlichen Denken. Band 2: 
Formale Logik. Berlin-Charlottenburg, Pan-Verlagsgesellschaft, 1933. 116 
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KowaLewskI (G.). Integrationsmethoden der Lieschen Theorie. Leipzig, 
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Differentialgeometrie ebener Kurven; Komplexe Zahlen, Veranderliche 
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metica Logarithmica, 1624. (Tracts for Computers, No. 18.) Cambridge, 
University Press, 1933. 54-100 pp. 

Toep.itz (O.). See RADEMACHER (H.). 

University oF Lonpon. Four figure logarithm tables of numbers and trigo- 
nometric functions, as used at the matriculation examination and the 
general school examination of the University of London. London, Uni- 
versity of London Press, 1933. 12 pp. 


PART II. APPLIED MATHEMATICS 


Apams (A. S.). See Logs (L. B.). 

Arnot (F. L.). Collision processes in gases. (Methuen’s Monographs on Physi- 
cal Subjects.) London, Methuen, 1933. 84-104 pp. 

Baker (R. H.). Astronomy. 2d edition. New York, Van Nostrand, 1933. 282 


pp. 

BARKHAUSEN (H.). Lehrbuch der Elektronen-Réhren und ihrer technischen 
Anwendungen. 4te, vollstandig umgearbeitete Auflage. Band 2: Ver- 
stirker. Leipzig, Hirzel, 1933. 16-+289 pp. 

BarTEL (K.). Kotierte Projektionen. Deutsch herausgegeben von W. Haack. 
Leipzig, Teubner, 1933. 6+-80 pp. 

Barton (A. W.). A text book on heat. London, New York, and Toronto, Long- 
mans, 1933. 13-+378 pp. 

BaxTeR (H. A.). Elementary mechanics of solids. London, Blackie, 1933. 
9+281 pp. 

BE.ot (E.). Enseignements de la cosmogonie moderne. Paris, Bloud et Gay, 
1932. 132 pp. 

Bercué (P.). Pratique et théorie de la T. S. F. 3e Edition entigrement revisée et 
mise 4 jour, considérablement augmentée. Paris, Publications et Editions 
Francaises de T. S. F. et Radiovision, 1932. 15+800 pp. 

BEWwLEY (L. V.). Traveling waves on transmission systems. New York, Wiley, 
and London, Chapman and Hall, 1933. 7+-334 pp. 

BIcKLeEy (W. G.). See TEMPLE (G.). 

BLONDEL (A.). Les courants alternatifs. Méthodes générales pour le calcul des 
courants sinusoidaux. Paris, Bailliére, 1933. 

(N.). See KryLorF (N.). 

BoreEt (E.). Traité du calcul des probabilités et de ses applications. Tome 3, 
fascicule 5: Théorie mathématique de I’assurance invalidité et de l’assur- 
ance nuptialité. Calcul des primes et des reserves, par H. Galbrun. Paris, 
Gauthier-Villars, 1933. 8+183 pp. 

Brion (G.) und ViewEc (V.). Starkstrommesstechnik. Berlin, Springer, 1933. 
12+458 pp. 

Bunt (A.). Structures analytiques et théories physiques. (Mémorial des 
Sciences Physiques, No. 22.) Paris, Gauthier-Villars, 1933. 60 pp. 

BusEeMANN (A.). See Féppt (A.). 

Cork (J. M.). Heat. New York, Wiley, and London, Chapman and Hall, 1933. 
11+279 pp. 

Cox (R. T.). Time, space and atoms. (A Century of Progress Series.) Balti- 
more, Williams and Wilkins, and London, Bailliére, Tindall and Cox, 
1933. 11+154 pp. 
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CzopowskI! (H.). Statyka analityczna. Dla studjujacych nauki inzynieryjne i 
fizyczne. Jako tom V-ty “Mechaniki teoretycznej” tegoz autora. Warsaw, 
1933. 9+200 pp. 

Dawson (S.). An introduction to the computation of statistics. London, Uni- 
versity of London Press, 1933. 192 pp. 

Daynes (H. A.). Gas analysis by measurement of thermal conductivity. Cam- 
bridge, University Press, 1933. 8+-357 pp. 

Desye (P.), herausgegeben von. Magnetismus. Leipziger Vortrige. Leipzig, 
Hirzel, 1933. 8+-110 pp. 

Dears (C.). See ScHLaG (A.). 

EcceErt (O.). See JorpANn (W.). 

FELTEN (R. B.). Problems in machine drawing. New York and London, Mc- 
Graw-Hill, 1933. 186 pp. 

Féppt (A.). Vorlesungen iiber technische Mechanik. 8te Auflage. Bearbeitet 
von A. Busemann, L. Féppl, und O. Féppl. Band 4: Dynamik. Leipzig, 
Teubner, 1933. 8+448 pp. 

FGppt (L.). See Féppt (A.). 

Foprt (O.). See Féprt (A.). 

Fresa (A.). La luna: movimenti, topografia, influenze e culto. Milano, Hoepli, 
1933. 244362 pp. 

GaALBRUN (H.). See BorEL (E.). 

GILLon (J. W.). See RANDALL (J. A.). 

GvazienapP (S. P.). Mathématique astronomique. Tables. Leningrad, Acadé- 
mie des Sciences, 1932. 

Haack (W.). See BARTEL (K.). 

Heure™ (F. W.). See MooreEcrort (J. H.). 

HoprF (L.). Einfiihrung in die Differentialgleichungen der Physik. (Sammlung 
Géschen.) Berlin, de Gruyter, 1933. 138 pp. 

Hutcuinson (R. W.). Heat (matriculation standard). London, University 
Tutorial Press, 1933. 8-+-266 pp. 

Jorpan (W.) und REINHERTz (C.). Handbuch der Vermessungskunde. Bear- 
beitet von O. Eggert. 9te erweiterte Auflage. Band 2. Halbband 2: Héhen- 
messungen, Tachymetrie, Photogrammetrie und Absteckungen. Stutt- 
gart, J. B. Metzlersche Verlagsbuchhandlung, 1933. 10+-597 pp. 

KimBat (A. L.). Vibration problems in engineering. New York, Wiley, 1932. 
140 pp. 

KrirKHAM (J. E.). Structural engineering. 2d edition. New York and London, 
McGraw-Hill, 1933. 759 pp. 

KORNER (K.). See SCHIEBEL (A.). 

Kry torr (N.) et BoGoLttusorF (N.). Méthodes nouvelles pour la solution de 
quelques problémes mathématiques se rencontrant dans la science des 
constructions. Kharkoff, Ukrkniga, 1933.96 pp. 

Recherches sur la stabilité longitudinale des avions. Moscow, Avioiz- 
dat, 1932. 60 pp. (In Russian.) 

Lenz (—.). Die Rechen- und Buchungsmaschinen. 3te Auflage. Leipzig, Teub- 
ner, 1932. 6+122 pp. 

LEssMANN (K.). Die Entwicklung des Weltalls. Eine kritische Studie. Leipzig, 

Hilimann, 1933. 26 pp. 
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LICHTENSTEIN (L.). Gleichgewichtsfiguren rotierender Fliissigkeiten. Berlin, 
Springer, 1933. 8+-174 pp. 

Logs (L. B.) and Apams (A. S.). The development of physical thought. A sur- 
vey course of modern physics. New York, Wiley, and London, Chapman 
and Hall, 1933. 154-648 pp. 

Léwe (F.). Optische Messungen des Chemikers und des Mediziners. 2te er- 
weiterte und neubearbeitete Auflage. (Technische Fortschrittsberichte, 
herausgegeben von B. Rassow, Band 6.) Dresden und Leipzig, Steinkopff, 
1933. 12-4205 pp. 

Lupovico (P.). Il sistema atomico dell’universo. Teoria fisica. Fascicolo 1 
(puntate 1-4). Portici, E. Della Torre, 1933. 

Mac (E.). Die Mechanik in ihrer Entwicklung. 9te Auflage. Leipzig, F. A. 
Brockhaus, 1933. 493 pp. 

Macpuerson (H.). Makers of astronomy. Oxford, Clarendon Press, and Lon- 
don, Oxford University Press, 1933. 7 +244 pp. 

Manan (A.) et SAINTE-LaGuE (A.). Le vol au point fixe. (Actualités Scienti- 
fiques et Industrielles, No. 60: Exposés de morphologie dynamique, pub- 
liés sous la direction de A. Magnan, IV.) Paris, Hermann, 1933. 31 pp. 

MABHLER (G.). Physikalische Formelsammlung. Neubearbeitet von K. Mahler. 
(Sammlung Géschen.) Berlin, de Gruyter, 1933. 152 pp. 

MABLER (K.). See MAHLER (G.). 

MANnrTELL (C. L.). Sparks from the electrode. (Century of Progress Series.) 
Baltimore, Williams and Wilkins, and London, Bailliére, Tindall and 
Cox, 1933. 

Mesny (R.). Télévision et transmission des images. Paris, Armand Colin, 
1933. 216 pp. 

Mie (G.). Elektrodynamik. Leipzig, Akademische Verlagsgesellschaft, 1932. 
502 pp. 

Morecrort (J. H.) and Here (F. W.). Electrical circuits and machinery. 
2d edition. Volume 1: Continuous currents. New York, Wiley, and Lon- 
don, Chapman and Hall, 1933. 12 +457 pp. 

Mott-SmitH (M.). Heat and its workings. New York and London, Appleton, 
1933. 10-+240 pp. 

NIKURADSE (J.). Strémungsgesetze in rauhen Rohren. Berlin, VDI-Verlag, 
1933. 21 pp. 

OsTERMAIER (F.). Baustatik. Miinchen, Hochbauverlag, 1932. 383 pp. 

Puituirs (E. G.). An introductory course of mechanics. Cambridge, University 
Press, and New York, Macmillan, 1933. 8+-255 pp. 

RANDALL (J. A.) and GILLon (J. W.). Elements of industrial heat. New York, 
Wiley, and London, Chapman and Hall, 1933. 74-261 pp. 

Rassow (B.). See Lowe (F.). 

REICHENBACH (H.). Atom und Kosmos. Das physikalische Weltbild der Gegen- 
wart. 2te Auflage. Berlin, Deutsche Buch-Gemeinschaft, 1933. 326 pp. 

REINHERTZ (C.). See JORDAN (W.). 

Roserts (J. K.). Heat and thermodynamics. 2d edition, enlarged. London, 
Blackie, 1933. 486 pp. 

RutcErs (J. G.). Leerboek der beschrijvende meetkunde. Eerste deel. eerste 
stuk. Groningen, Noordhoff, 1933. 108 pp. 


888 NEW PUBLICATIONS 


SANGER (E.). Raketen-Flugtechnik. Miinchen, Oldenbourg, 1933. 231 pp. 

SAINTE-LAGué (A.). See MAGNAN (A.). 

ScHIEBEL (A.). Die Gleitlager (Langs- und Querlager). Berechnung und Kon- 
struktion. Bearbeitet von K. Kérner. (Einzelkonstruktionen aus dem 
Maschinenbau, herausgegeben von C. Volk, Heft 8.) Berlin, Springer, 
1933. 70 pp. 

Scuuac (A.) et Demars (C.). Probl:mes de résistance des matériaux appliquée 
au calcul des éléments de machines. Paris, Dunod, 1933. 126 pp. 

ScuMEts (P.). Notions de cosmographie. Namur, Wesmael-Charlier, 1933. 
64 pp. 

Sxaupy (F.). Die Grundlagen des Tonfilms. Stuttgart, Union Deutsche Ver- 
lagsgesellschaft, 1932. 123 pp. 

StTIEBER (W.). Das Schwimmlager. Hydrodynamische Theorie des Gleitlagers. 
Berlin, VDI-Verlag, 1933. 7+-106 pp. 

TempLe (G.) and BickLey (W. G.). Rayleigh’s principle and its applications 
to engineering. The theory and practice of the energy method for the 
approximate determination of critical loads and speeds. London, Oxford 
University Press, 1933. 9+156 pp. 

Tuomas (B.). Axiom und Dogma in der Relativitaitstheorie. Wien und Leip- 
zig, Braumiiller, 1933. 28 pp. 

Tuomas (H. K.), edited by. Automobile engineering. Volume 7. London, Pit- 
man, 1933. 

Ursain (G.). Théoriques chimiques. La co-ordination des atomes dans la 
molécule; la symbolique chimique. 1re et 2me partie. (Actualités Sci- 
entifiques et Industrielles, Nos. 52-53.) Paris, Hermann, 1933. 51+54 pp. 

ViEWEG (V.). See Brion (G.). 

ViLLey (J.). Eléments de thermodynamique cinétique. (Mémorial des Sciences 
Physiques, No. 23.) Paris, Gauthier-Villars, 1933. 

VoceEL (W.). Eingriffsgesetze und analytische Berechnungsgrundlagen des 
zylindrischen Schneckentriebes mit geradflankigem Schnecken-Achsen- 
schnitt. Berlin, Kommission VDI-Buchhandlung, 1933. 62 pp. 

Vo LK (C.). See SCHIEBEL (A.). 

WttF (T.). Die Faden-Elektrometer. Berlin und Bonn, Diimmler, 1933. 147 


Pp. 
Zusov (N. N.). Théorie élémentaire des marées. Moscow, 1933. (In Russian.) 
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OFFICIAL COMMUNICATIONS 


Meetings of the Society have been fixed at the following 
times and places: 


CINCINNATI, Oxt0, December 1-2, 1935. 


eblen will on Spi Otto Laporte on 
Spinors and their significance in modern ee. Professor R. D. Car- 
michael will deliver an address entitled Functions of exponential type. 


PasaDENA, CALIFoRNIA, December 2, 1933. 


Abstracts must be in the hands of Associate Secretary T. M. Putnam, 
University of Calif., not later than November 11. 
Abstracts received by the by November 4 will appear in the 
November issue of the ico” 


MASSACHUSETTS, ANNUAL MEETING, December 


This meeting is to be held in conjunction with the A.A.AS. and the 
M.A.A. There will be a symposium on General Analysis; the principal 
address will be nye Professor T. H. Hildebrandt, and Pestcance R. 
Barnard and M. H. Stone will also present rs, by invitation. The 
Bécher Prize will be awarded. Abstracts must bei n the hands of the Sec- 
retary of the Society, 501 West 116th St., New York City, not later than 
November 29, 1933. Abstracts received by the Secretaries by November 4 
will be published i in the November issue of the BuLtetrn. 


R. G. D. Ricnarpson, Secretary of the Society. 


Articles for insertion in the Buuzettn should be addressed to E. R. 
Heopricx, Editor of the Butietin, University of California at Los An- 
geles. Reviews should be sent to W. R. Loncuzy, Yale University, New 
Haven, Conn. Notes should be sent to H. W. Kunn, Ohio State Uni- 
versity, Columbus, Ohio. 

Subscriptions to the Burrerm, orders for beck numbers, and in- 
quiries in regard to non-delive of current numbers should be iddseined 
to the American Mathematical Society, 450-459 Ahnaip St., Menasha, 
Wis., or 501 West 116th St., New York. 

The initiation fees 6 the a annual dues of members of the Society 
(see this BuLzeTin, p. , ev: and the List of Officers and 
Members, September, ‘93 p. wa re payable to the Treasurer of the 
Society, Professor G. W. Mullins, 501 est 116th St., New York City. 


Secretary M. H. In- 
University of Wisconsin, Madison, Wis., not later than Novem- 
2 ber 11. Abstracts received by the Secretaries by N ovember 4 will appear 
in the November issue of the A 
‘ : 


WHOLE NUMBER 410 


CONTENTS 


The October Meeting in New York. By J. R. KLineE 
Eliakim Hastings Moore. By G. A. BLiss 
Rutherford on Modular Invariants. By O. C. HAZLETT. . . 


Shewhart on Economic Control. By C. F. Roos 


Lewis Carroll. By R. C. ARCHIBALD 

Picard on Curves and Surfaces. By F. A. FORAKER 
Fowler on Statistical Mechanics. By M. H. STONE 
Shorter Notices 


Abstracts of Papers 


New Publications 


For official Communications and Notices, see the inside of the back cover. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 


PAGE 
825 
831 
839 
850 
7 


: : 
We 

1 

ack 

x 
i 
= 


